Quadratic Equations in
One Variable

INTRODUCTION

In previous classes, we have learnt that an algebraic expression of the form ax? + bx + c,
where a, b, ¢ are real numbers and a # 0, is called a quadratic polynomial in the variable x.
When this expression is equated to zero, we get a quadratic equation. Thus, ax?> + bx + ¢ =0,
where a, b, ¢ are real numbers and a # 0, is called a quadratic equation in the variable x.
In real life, we come across many situations when we get quadratic equations. For example,
to build a prayer hall of carpet area 300 m? with its length 1 metre more than twice its
breadth, what should be the dimensions of the hall?

If the breadth of the hall is x metres then its
length is (2x + 1) metres. This information pictorially
is shown in the adjoining figure. 300 m?

Area of hall= length x breadth

=(2x + 1) x m?

SaIlew X

(2x + 1) metres

= 300 m? (given)
= (2x+ 1) x =300
= 2x2+x-300 = 0.
Thus, the breadth of the hall satisfies the quadratic equation 2x? + x — 300 = 0.

It is believed that Babylonians were the first to solve quadratic equations. Indian
Mathematician, Brahmagupta (A.D. 598 — 665) gave an explicit formula to solve a quadratic

equation of the form ax? + bx + ¢ = 0, a # 0. Later on, Sridhara Acharyya (A.D. 1025) derived
a formula, known as quadratic formula for solving a quadratic equation by the method of
completing the squares.

In this chapter, we shall learn various methods of finding the roots (or solutions) of
quadratic equations in one variable and will discuss the nature of roots. We shall also learn
some applications of quadratic equations in daily life situations.

5.1 QUADRATIC EQUATIONS IN ONE VARIABLE
An equation of the type ax?> + bx + ¢ = 0, a # 0, is called a quadratic equation in the variable x.
The equation ax* + bx + ¢ = 0, a # 0, is called the general (or standard) form.

For example: x> — 7x + 12 = 0 and 3x? - 4x — 4 = 0 are quadratic equations in the
variable x.

Note.

Simplify the given equation before deciding whether it is quadratic or not.



5.1.1 Roots (or solutions) of a quadratic equation

A number o is a root (or solution) of the quadratic equation ax?

ao? + bo + ¢ = 0.

+ bx + ¢ = 0 if and only if

For example :
When we substitute x = 3 in the quadratic equation x> — 7x + 12 = 0, we get

B2 -7x3+12=01ie 9-21+ 12 =0 ie. 0 = 0, which is true, therefore, 3 is a root
of the quadratic equation x? — 7x + 12 = 0.

When we substitute x = 2 in the quadratic equation x> — 7x + 12 = 0, we get

(2?-7x2+12=0ie 4-14 + 12 = 0 ie. 2 = 0, which is wrong, therefore, 2 is not a
root of the quadratic equation x> — 7x + 12 = 0.

llustrative Examples

Example 1. Check whether the following are quadratic equations:
(i) (x-2)?+1=2x-3 (i) 2x-1)(x-3)=(x+5)(x-1)
(iii) x(x+1) +8=(x+2) (x-2) (iv) (x+2)P3=x3-4
Solution. (i) Given (x - 2)2 + 1 =2x -3
= xXX-4dx+4+1=2x-3 => ¥?*-4x+5=2x-3
= xX2-4x-2x+5+3=0
= x2-6x + 8 =0, which is of the form ax? + bx + ¢ = 0.
Therefore, the given equation is a quadratic equation.

(if) Given 2x - 1) (x - 3) = (x + 5) (x - 1)
= 2%-6x-x+3=x2-x+5x-5 = 2°-7x+3=x>+4x-5
= 22-x2-7x-4x+3+5=0
= x2-11x + 8 = 0, which is of the form ax? + bx + ¢ = 0.
Therefore, the given equation is a quadratic equation.

(iif) Given x(x + 1) + 8 = (x + 2) (x - 2)
= xX+x+8=x2-4 > ?-22+x+8+4=0
= x + 12 = 0, which is not of the form ax? + bx + ¢ = 0.
Therefore, the given equation is not a quadratic equation.

(iv) Given (x + 2)3 = x® - 4
= ¥+28+3x2@x+2)=x3-4
= ¥+8+6x2+12x=x-4 = - +6x2+12x+8+4=0
= 62 +12x+12=0
= x2 + 2x + 2 = 0, which is of the form ax? + bx + ¢ = 0.
Therefore, the given equation is a quadratic equation.

Example 2. Check whether the following are quadratic equations:

M2x+ 2 =5x20 () 2-2 4 x x=0
X X

Solution. (i) Given 2x + > =5, x # 0
X

= 2x>+3=5x
= 2x2-5x + 3 = 0, which is of the form ax? + bx + ¢ = 0.
Therefore, the given equation can be reduced to a quadratic equation.
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(ii) Given

x+2 2
== +x
3 x

x+2_2+x2
3 X
32+ x) =x(x +2) = 6+ 3x2=2x2+ 2
32 —x2-2x+6=0 = 2x*-2x+6=0
x2 — x + 3 = 0, which is of the form ax? + bx + c = 0.

L

Therefore, the given equation can be reduced to a quadratic equation.

Example 3. Show that N2 and =22 are both solutions of the quadratic equation
x>+ 2x-4=0.

Solution. The given equation is x? + 2x-4=0.

Substituting x = V2 in the LHS of the given equation, we get

LHS = (2)2++2xy2 —4=2+2-4=0=RHS

= /2 is a solution of the given equation.

Substituting x = ~2+/2 in the LHS of the given equation, we get

LHS = (-242 ) + J2(-242)-4=8-4—-4 =0 = RHS

= —242 is a solution of the given equation.

Hence, 2 and —2+/2 are both solutions of the given quadratic equation.

Example 4. If % is a root of the equation kx> — x — 2 = 0, then find the value of k.

Solution. Since % is a root of the equation kx> —x -2 =0, x = % satisfies the equation

2
i.e.kx(Zj—2—2=0=>4k—8:O
3 3 9 3
= ék:§ :>k:§><2 =k =6.
9 3 3 4

Hence, the value of k is 6.

Example 5. If —a is a solution of the equation x> + 3ax + k = 0, find the value of k.

Solution. Since —a is a solution of the equation x? + 3ax + k = 0, x = —a satisfies the
given equation

ie. (-a)?>+3a(-a)+k=0 =a>-3a>+k=0

= k=2d%

Hence, the value of k is 242

Example 6. If 2 and 3 are roots of the equation 3x> — 2mx + 2n = 0, find the values of m and n.
Solution. The given equation is 3x* — 2mx + 2n = 0.

As 2 is a root of the given equation, so x = 2 satisfies the given equation

ie. 3x22-2mx2+2n=0 =12-4m+2n=0

= 4dm-2n-12=0 ()
Also 3 is a root of the given equation, so x = 3 satisfies the given equation

ie. 3x3F-2mx3+2n=0 =27 -6m+2n=0

= 6m-2n-27=0 ...(#0)
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Subtracting (i) from (ii), we get

2m —15 = 0 :ng.

Substituting m = % in (i), we get

4><%—2n—12=0 —30-2n-12=0

= 18-2n=0 = n=09.

Hence, m = % and n = 9.

o

[=))

Exercise 9.1
Check whether the following are quadratic equations:
(i) \/§x2—2x+%=0 (i) 2x+1) (Bx-2)=6(x + 1) (x~2)
(i) (x-3P°+5=x3+7x2-1 (iv) x—%zZ,x;ﬁO
(v)x+%=x2,x¢0 (vi) x2+x—12=3,x¢0

In each of the following, determine whether the given numbers are roots of the given
equations or not:

(@) x¥*-x+1=0; 1,-1 (i) X*-5x+6=0; 2,-3

(i) 3x2-13x-10=0; 5,2 (i) 6x2—x-2=0; -2
3 3

N |~

In each of the following, determine whether the given numbers are solutions of the
given equations or not:

(1) ¥®-33x+6=0; V3,-23 (i) 2= 2x-4=0; —2,22

(1) If —% is a solution of the equation 3x2 + 2kx — 3 = 0, find the value of k.

(i) If % is a solution of the equation 7x2 + kx — 3 = 0, find the value of k.

(i) If V2 is a root of the equation kx? + v2 x —4 = 0, find the value of k.
(it) If ais a root of the equation x> — (a + b) x + k = 0, find the value of k.

. If % and -3 are the roots of the equation px? + 7x + g = 0, find the values of p and 4.

5.2
Fact
be written as (x — 3) (x — 4) = 0. This equation can be solved by using a property of real
numbers called zero-product rule.

SOLVING A QUADRATIC EQUATION BY FACTORISATION

orisation can be used to solve a quadratic equation. The equation x2 — 7x + 12 = 0 can

U Zero-product rule

If a and b are two real numbers or algebraic expressions and if ab =0, then either a = 0 or
b=0orbotha=0andb=0.

b

Using the above rule, the solutions of the equation (x — 3) (x — 4) = 0 can be found
y putting each factor equal to zero and then solving for x. Thus we get,
x-3=0o0rx-4=0
= x=3o0rx=4
Hence, the solutions of the equation x* — 7x + 12 = 0 are 3, 4.
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