INTEGRALS

INTRODUCTION

During the course of study of Mathematics, the reader must have come across several pairs
of inverse operations like addition—subtraction, multiplication —division, forming an
equation whose roots are given—solving a given equation, and so on.

Integration and differentiation are also a pair of inverse operations.

So far, from a given function, we have been finding its derivative but the question arises :
“What is the function whose derivative is known”? If the derivative of a function is given,
then the function itself is called anti-derivative or integral or primitive of the given function.
We illustrate it with the help of an example.

Consider the function f (x) = x*, then its derivative is given by f’(x) = 4x3. The question
arises : ‘given f’(x) = 4x3, what is f (x) ?’

However, from our experience of derivatives, we can say that f (x) = x*. This function x4
is an anti-derivative (or integral or primitive) of 4 x3,.

Yet another question arises : ‘is x* the only function whose derivative is 4x3? No! Since

the derivative of each of x4 + 3, x4 =5, x4 + 2+/3, x4 =2 + <3 + 51 is 4x3, every one of these
have an equal claim to be an integral (or anti-derivative) of 4x3. Thus, if we know one
integral, say x4, of the given function 4x3, then we know many others. In fact, all functions
of the form x4 + C where C is any real number are integrals (or anti-derivatives) of 4x3; and
there are no others, for, if f (x) and g(x) are two functions such that f’(x) = g’(x) then they
differ only by a real constant (number) i.e. g (x) = f (x) + C (an application of Lagrange’s Mean

Value Theorem). This is written as f 4x3dx =x*+ C. This leads to:
If dix (F(x)) = f(x), then J.f(x) dx =F(x) + C.

The function F(x) is called anti-derivative or integral or primitive of the function f(x) and C
is called constant of integration or arbitrary constant.

The function f(x) is called the integrand, x is called the variable of integration, f(x) dx is called
the element of integration and the symbol J stands for the integral sign.

The process of finding functions whose derivative is given is called anti-differentiation or
integration.
Since the integral of a function is not unique i.e. definite, therefore, it is called indefinite
integral. In integral calculus, we come across two types of problems :
(i) the problem of finding a function whose derivative is given.
(ii) the problem of finding the area bounded by the graph of a function under given
conditions.
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These two problems lead to two forms of integrals, indefinite integrals and definite
integrals, which together form the integral calculus.

The two types of integrals i.e. indefinite integrals and definite integrals are connected by
fundamental theorem of integral calculus, which make the definite integrals as a practical
tool for sciences, engineering and many other disciplines like economics and probability etc.

7.1 INDEFINITE INTEGRALS

7.1.1 Some elementary standard integrals

We

give below some elementary standard integrals which can be obtained directly from our

knowledge of derivatives.

1.

xn+1
J.x”dx: +C,n#-1
n+1

. d (xn+l 1 d 1
Proof. Since — = —(xM*) = —— (n+ 1) x"=x"
oof. Since dx(n+1) n+1 dx( ) n+1 ( ) ’

therefore, by definition of anti-derivative, we have

Xn+1
Ix”dx: +C,nz-1.
n+1
This is called Power Rule.
Corollary. J.dx =x+ C.

x0+1

Proof. jdx: jldx: fx" dx = 01 +C=x+C.

2 J.;dx=log|x|+C,x;éO. [-.-%(logm):ﬂ
3. Jax dx = Ioa;xa +C,a>0 a#l [ dd_x (%J = Io;a' a* log a = a]
4, _[ex dx = eX + C. [ o?_x (GO
5. J.sin X dx = -cos x + C. [ dix (= cos x) = = (=sin x) = sin X]
6. Jcos X dx = sin x + C. [ dix (sin x) = cos x]
7. jsecz x dx = tan x + C. [ % (tan x) = sec? x]
8. J.cosecz x dx = —cot x + C. [% (- cot x) = — (- cosec? x) = cosec? X]
9. _[sec X tan x dx = sec x + C. [ % (sec x) = sec x tan x]

10. J.cosec x cot x dx = — cosec x + C.
[ dix (- cosec x) = — (—cosec x cot X) = cosec X cot X]

REMARKS

1. The derivative of a function (if it exists) is unique but the integral of a function is not so.

2.

In fact, integrals of a function differ by a real constant (number).

We can talk of the derivative of a function at a point but we never talk of the integral
of a function at a point. In fact, we always find integral of a function in an interval.
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ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following integrals :

: . 1 o3
(i) J'ng dx (ii) 'f 7 & (iii) J. 3t dt.
. . 0 4, — XBH _ x100
Solution. (i) J x99 dx 991 +C 100 +C
T 5
. —7/2 X 2 _x 2 _ 2
(i) j de_j X712 dx = _1+1+C— 5 +C= 57 + C.
2
]

(iii) j %dtzj ty3 dt = tf +C:%t4/3 + C.

—+1
3
Example 2. Evaluate the following integrals:
0 j e d (ii) J' (1—25in2 %)dx (i) [ 3% e dx.
Solution. (i) j ﬂdx=.[ cos X dx=j Lﬂ dx
1- cos? sin? x sinx sinx

= j cosec X cot x dx = — cosec X + C.

(i) I(l 2sin? )dx—jcosxdx—smx+c

(3e)

+C
log3e

Giil) [ 3% e dx = [ 3y dx =
Example 3. Evaluate the following integrals:

(i) j glogax gy (ii) j g3109¢ (x4)dx. (C.B.S.E. Sample Paper)

Solution. (i) J. glogsx dy = I (32)|093X dX:J. 321093 X gy

= I 3'°93X2dx=J. x2 dx (- a'°%a* = x)
3
(ii) j g3109% (x4) dx = j e'°9x3(x4)dx=j x3.x4 dx (- €logx = x)

8
:J.X7d)(:X_+C:£X8+C.
8 8

Example 4. Evaluate _[a"’g xdx,a>0,x>0.

Solution. First we note that alo9 x = xlog a,
Taking logarithm of both sides, we get
Iog (alog x) = Iog (X log a)
= log x log a = log a log x, which is true.
xloga+1 x1 + loga

alog x dx xlog a dx =
J J

+C= +C
loga+1 1+loga

EXERCISE 7.1

Very short answer type questions
Evaluate the following integrals:

1 (0) [ x5 dx (ii) jxis dx (iii) j% d

2. 0 | % dx (ii) J'sinz x cosec? x dx (i) J'sin X sec? x dx.
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3. (i) fsx dx (ii) j?x ex dx (iii) j ;‘—i dx.
2 aes
4. (i) '[ I snsr:nxz (i) I coszzoJ;Zlen dx (iii) J cos(%—x) dx.
(NCERT)
5. () jﬁ dx (ii) j \;‘%(n c0s2x) dx.
6. (i) j 62109 x-3 (jx (ii) sz'OQstx (iii) jz'ogwdx.

.2 Some properties of indefinite integrals

The following properties help us in reducing a number of problems to elementary standard
integrals.

Property 1. % (] 00 d¥) = F(x).

Proof. Let jf(x) dx = F(x) (i)
Then by definition, dix (F(x)) = f(x).

Substituting the value of F (x) from (i), we get :—X ( I f(x) dx) =f(x), as required.

Property 2. _[ k f(x) dx = k J. f(x) dx, where k is a constant.

Proof. Since :—X (k [0 dx) =k dd—x( [ 109 dx) =k F () (By property 1)

Therefore, by definition of integral, I kf(x)dx =k j f (X) dx, as required.
Property 3. j (F,00 + £,() dx = j f,(x) dx + j f,(x) dx.

Proof. Since j(fl(x) dx + j f,(x) dx) j f,(0) dx) + = j f,(x) dx)

= fl(x) + f,(x) (By property 1)
Therefore, by definition of integral,

j (f,(0) + £,00) dx = j f,(x) dx + j f,(x) dx.

Property 4. The properties 2 and 3 can be generalised to a finite nhumber of functions
f,, f,, ..., f, and real numbers k;, k,, ..., k, giving

[ 06 t,00 + kB0 + o+ K £,00) dx = Ky [ 00 dx + k, [ 500 dx + otk [ £, 09 dx

ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following integrals:

(i) [ (3x5 = 7 sin x + 2) dx (ii) j (&—Xiz)z dx.

Solution. (i)_[(3x5—7sin X +2)dx = 3_[x5 dx—7jsin x dx + 2_[1 dx

6
:3.%—7.(—cosx)+2.x+C=%x6+7cosx+2x+c.

(ii) J. («/Y—Xiz)z dx:J. (X+xi4_2'&'xi2) dx=J.xdx +_|‘x—4 dx—ZJ.x—3/2 dx

x2  x3 x~Y2 x2 1 4
: +C="—-——+— +C.
2 -3 -1/2 2 3x3  Ux
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Example 2. Evaluate the following integrals:

() [ 2x2 +3) (1 -3 dx @ [ 25982 ¢

Solution. () [ (2x? +3) (1 - 3x) dx = [ 2x? = 6x° + 3 - 9X) dx
:2_[x2dx—6_[x3dx+3j1dx—9_[xdx

3 4 2
=2. X 6 X 13x-9.X +C
4 2

3
= E 3_3 4 _2 2
3x 2x +3X 2x + C.
. 2+5t)(3-1t2 6+15t—2t2 —5¢3
(i) | (\)f#dt:"- - dt
= [ (& +15vt-2t72 51572 | it
Jt

=6 j t-y2 dt+15j ty/2 dt—2j t3/2 dt—sj t5/2 dt

ty2 t3/2 t5/2 t7/2
=0. — —=—2.—-5.— +
=6 12 +15. 3/2 2 5/2 > 7/2 c

=12 VT +10t%2 - €t5/2 -2+ C
Example 3. Evaluate :
0] J. cosec X (cosec X + cot x) dx (NCERT) (ii) _[ (ex'oga + galogx _ galoga) gy,
Solution. (i) _[ cosec x (cosec x + cot x) dx = J. (cosec? x + cosec x cot x) dx
= _[ cosec? x dx + J. cosec x cot x dx = —cot x — cosec X + C.

(ii) J. (ex loga 4 ealogx _ ealog a) dx = J((elog a)x + (elog x)a _ (elog a)a) dx

:J(aX+xa—aa) dx ( elogx:X)
1
:i+xa+ _aalX+C.
loga a+1
Example 4. Evaluate the following integrals:
. 1) (@ +bX)2
(i J (x—;) dx (i) j X d

Solution. (i) j (x—%fdx = J (x3 —X%—Sx%(x—é)) dx

x4 x2
:__——3—+3|O x|+ C
R g ||
x4 1 3
= —+_—--x*+3log |x| +C.
4 2x2 2 gll

(@ +b¥)2 [ a®+b +2a%0% | _ (E)X (R)X
(ii) J DX dx = J DX dx-j 5 3 +2|dx

(a)x (b)x
= \b) \a) yov+C axb
a b

log— log—
Ogb Oga

In particular, if a = b, then

2 2
I (@ +0)2 J‘ (2a%) dx=j4dX=4X+C-
axDx ax . aX
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Example 5. Evaluate the following integrals:

(i) [ tan? x dx (ii) [ 1-sin2x dx.

Solution. (i) j tan2 x dx = _[ (sec2 x —1) dx =tan x — x + C.

(ii) j J1-sin2x dx

'[ Jcos? x + sin? x — 2sin x cos X dx

_[(cosx—sinx)dx:sinx—(—cosx)+C:sinx+cosx+C.

Example 6. Evaluate the following integrals:

i 1 1+sinx
0) | T (i) | T (C.B.S.E. 2000 C)
1 secx —1 secx —1
Solut dx = dx = d
olution. () -[ 1+secx X J. secx+1>< secx — 1 % .[ secx—1 X

_ secx —1 sec X 1
= | ==—dx= ———|dx
tan? x tan2x  tan2 x

= f (cosec x cot x — cot? x) dx = j cosec x cot x dx — _[ (cosec? x — 1) dx

=-cosec X — (—cot x—x) + C =-cosec X +cot Xx + x + C.
(ii) J 1+sin x _ 1+sin xX1+sin X 4 J- (1+smx)
1-sin x 1-sin x 1+sinx 1-sin2 x

dx = J (sec? x + 2 sec x tan x + tan? x) dx

,[ 1+ 2sinx+sin2 x
cos2 x

j(seczx+25ecxtanx+se02x—1)dx

j(2seczx+2secxtanx—l)dx

2tan x + 2sec x — x + C.

Example 7. Evaluate the following integrals:

(i) [ cos (sin x) dx (i) [ tan-t (sec x + tan x) dx
(iii) jtan— ( 1+::§] dx. (C.B.S.E. 2006 C, 03)
Solution. (i) J cos (sin x) dx = J cost (cos (E - x)) dx = j (% - x) dx
=2 x—% +C.

COS X COS X

(i) J.tan—l (sec x + tan x) dx = J tan-L ( 1 N sinx) dx

14 sin x c0s2 > 4 sin2 X 4 2sin X cos >
= J. tan-! (—COSX ) dx = J tan. 2 2 2 2| dx

X .5 X
2 2
cos - sin
2 2

cos£+smi 1+tani X
J. tanl | —2 2| dgx= J- tan! | ———2 |dx = J- tan-! (tan( —)) dx
cos = — sin = 1-tan = 42
2 2 2
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(iii) J‘tan—1 [ 1—sinx] dx =
1+sinx

Example 8. Evaluate the following integrals:

. dx C0S2X — COS 201
i _— NCERT 1 I dx. C.B.S.E. 2013
M .[ sin2 x cos2 x ( ) (i) COS X — COS 0L ( )
in2 2 1 1
Solution. J‘ dx :J'sm X +c0os? X 4 :I( )d
utt (@ sin2 x cos? x sin? x cos?2 x X cos? x * sin? x X
=J.sec2xdx+Jcosec2xdx=tanx—cotx+C.
(i) _[ CoS2 X — cosZoz _J‘ (2cos2 x —1)—(2cos? o —1) dx
COS X — COS 0. h COS X — COS 0.

*) dx=2J.(cosx+cosoc)dx

_ J‘ 2 (cos? x — cos?
COS X — COS O,

=2_[005xdx+2cosocj1dx=25inx+2cosoc.x+C
= 2(sin x + x cos o) + C.

3

Example 9. If f’(x) = 4x3 — — and f(2) = 0, find f (x). (NCERT)
X
Solution. Given f/(x) = 4x¢ — =,
X
: - 3 _ 3 - 3 -4
by def; 100 = [ (4x* = 2 dx = [ @ - 3x-4) o
X

4 -3
=42 _3 X 4+c=xt+=+C
4 -3 x3
But f(2) = 0 = 24+2i3+C=0=>16+%+C=0
= C=_-16-1=_129
8 8
129
f(x) = 112
) L -2

EXERCISE 7.2

Very short answer type questions (1 to 17) :
Evaluate the following (1 to 30) integrals :

1 () [ @2 +bx+c)dx  (NCERT) (i) | (23 + 1) dx. (NCERT)
2. () j(xiz+sec2x+5x) dx (ii) j(%-%wﬁ/ﬁ] dx.

(NCERT Examplar Problems)
3. () j 32;‘:]”; (CB.SE. 2008) (i) [(2x2-3sinx+5vx)dx. (NCERT)

4. () [(x-3cosx+e)dx (NCERT) (i) [x? (1 - iz) dx. (NCERT)
X
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

i | (x3/2 +2ex - %) dx  (NCERT)

@) [ (@ -x Jx dx (C.B.S.E. 2012)

i | % dx (NCERT)
() [ @x-1) (2 + 1) ax
0 | (&—%)z dx
Q) [ &
(NCERT)

(i) I cot? x dx

) _[ sec x (sec x + tan x) dx

(C.B.S.E. 2011)

sin2x
sin x

W |
o ] (G- cisx-“a””) o

W |

1+ cos X
(NCERT Examplar Problems)

(I) .[ 1+ cosec X dx

0f
W |

(i) | (2 tan x - 3 cot )2 dx

sin x
sin x

sin? x
1+ cosx

(NCERT)

(i) J. («/Y—sin%cos%+5)dx

() J‘ sec X
sec X + tan x

(i) [ Xt

(i) J [1+cos2x dx

COS X — COS 2X
1-cos x
(NCERT Examplar Problems)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

MATHEMATICS - XII

1
| (& + &) dx (NCERT)
[ Vx (3x2 + 2x + 3) dx. (NCERT)
] 43+ 4
j % dx. (NCERT)
1 2
I x2(2x—;) dx.
[ o+ ) dx.
J' X¥oxBax-1 g (NCERT)
x-1

gblogx _ g5logx "
J. e4Iogx _ e3I0g><

(NCERT Examplar Problems)

I (tanzx 7x2+—) dx.

2

Sec” X

j > dx.
cosec? x

(C.B.S.E. 2011)

.[ 1-cos2x

2 -3sinx

X dx. (C.B.S.E. 2011)
COS~ X

1-sinx
(C.B.S.E. 2002 C)

J‘sin-1 (cos x) dx. (NCERT)

1-sinx
1+sinx

j vJ1+sin2x dx.

I (x3/2 — cos? %) dx.

I COos 2X
sin2 x cos? x

I tan x
sec X + tan x

Jde.

x2 +1

j 1-cos2x dx.
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1-cos 2 X sin3 x + cos3 x
25 () .[ 1+ c0s2 X (i .[ “sin?x cos? x ax. (NCERT)
2. (i) J‘ cot x dx (i) I cOSec X
' cOSec X — cot X cOSecC X — cot X
27. () 5cos3 x + 6sin3 x dx (i) I sin X + €os X
' sin? x cos?2 x 1+ sin 2 x

(NCERT Examplar Problems)

4 sin2x ) 4 — C0S 2X
28 () .[ cot (l COS 2X dx (i Jtan ( 1+ cos 2x dx

(C.B.S.E. 2003)

. . 2tanx ) . 4(1-tan? x
29. (i) '[ sin (—1+tan2x dx (i) J cos Tran?x dx
30. (i) Jtan—1 (cosec x — cot x) dx (i) jtan—l (cosec x + cot x) dx.
3L If f/(x) = 4x3 — 6 and f(0) = 3, find f (x). (NCERT)

32 1F £(x) = a sin x + b cos x, £/(0) = 4, f(0) = 3 and f (g) = 5, find f (x).

7.2 INTEGRATION BY SUBSTITUTION
Some functions can be integrated directly by the use of standard integrals while there exist
some functions which cannot be integrated directly but can be reduced to the standard
integrals by proper substitution i.e. by the introduction of a new variable. The method of
evaluating an integral by reducing it to standard form by a substitution is called integration
by substitution.

A special form
If [ f(x) dx = F(x) + C, then

+ C, a #0.

[ f(ax +b) dx = w

Proof. Putax +b =1t thenadx =dt = dx = %dt,

[fax+bydc = [f@). sdt= = [f)adt

+C,a=0.

lp(t)+czw
a a

Hence, we have the following important rule:

If the integral of a function of x is known, then if x is multiplied by a constant and to the product
is added another constant, the integral is of the same form but it is divided by the coefficient of x.

REMARK
Long Division

In a rational function, if the degree of the numerator of the integrand is equal to or greater
than that of the denominator, divide the numerator by the denominator until the degree of
the remainder is less than that of the denominator.

In this context, remember that

numerator  _ . remainder
———— = quotient + ——.
denominator denominator
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47.

48.

49.

(]

50.

51.

[
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n/2 n/4 .
(i) j Jsinx cosSx dx (NCERT)  (ii) j __SnXCoSX__ (NCERT)
0 5 SIN™ X + COS™ X
By using properties of definite integrals, evaluate the following (48 to 51) :
4
j (x] + Ix = 2] + |x - 4]) dx (C.B.S.E. 2013)
[ Jeotx
(i) Je|logx| dx (ii) j Ao ¢

L1

C L —logx,if =<x<1
Hint. (i) [log x| = |~ 29% T g=X

logx,if1<x<e.

h w2 sin? x
) . N
0) j X (1 - x)5 dx (ii) | Trenxcos dx.
2x - 1 i a secX + b cosecx
4 - N
@ Jtan ( X —xz)dx (if) .[ Sec X + COSec X x
. . g 2x=1 ) o x+(x=1)
Hint. (i) tan (—1 v ) tan [—1 RO 1)J
=tanlx + tan! (x - 1).
1 1
Let | = J‘(tan—l X + tant (x — 1)) dx = J‘(tan—l (1 - x) + tan! (-x)) dx
’ ’ (by property P,)
= |
ANSWERS
EXERCISE 7.1
o)§i+c m)—2i2+c (i) 2,/y +C
(i) %xﬂ3+c (i) x+C (iii) sec x + C
() —— + ¢ iy U ¢ W)EQ:+C
log 5 log 7e o 4
99
(i) secx + C (i) tanx +C (ili) —cos x + C
(i) —cotx + C (i) sinx+C
(i) log x + C (ii) %ﬂ+c (m)%ﬂﬂ+c
EXERCISE 7.2
(i) %+%+CX+C (i) = x5/3+x+C
5
M)-Lttanx+ 2x2+cC (m4%&+9+%x§+c
X 2 X 5
(i)—E cosec x + C (i) 2 +3cosx+ L x32 4 ¢
3 3 3

() X2 =3 sinx + & + C M)%ﬂ—x+c
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