APPLICATIONS OF
INTEGRALS

INTRODUCTION

In geometry, we learnt some formulae to calculate areas of various geometrical figures such
as triangles, quadrilaterals, polygons and circles etc., which are very useful in many real life
problems. However, by these formulae of geometry, we can calculate areas of only simple
figures. They are inadequate for calculating the areas enclosed by closed curves. For that we
need definite integrals. In fact, definite integrals have a wide range of applications.

8.1 AREAS OF BOUNDED REGIONS

If the function f is continuous and non-negative in the closed interval [a, b], then the area of
the region below the curve y = f(x), above the x-axis and between the ordinates x = a and
x = b or briefly the area of the region bounded by the curve y = f (x), the x-axis and the

b b
ordinates x = a, x = b is given by J f(x) dx or j y dx.
a a

Proof. Let AB be the curve y = f (x) between AC(x = a) and BD(x = b), then the required
area is the area of the shaded region ACDB.

YA
Let P(x, y) be a point on the curve y = f (x) and
Q(x + dx, y + 8y) be a neighbouring point on the B
curve, then MP =y, NQ =y + 8y and MN = dx. Let S0
A be the area of the region ACMP and A + 8A be A PHR
the area of the region ACNQ, then 8A = area of
region PMNQ. - .
Area of rectangle PMNR = ydx and area of % %
rectangle SMNQ = (y + dy)ox.
From fig. 8.1, area of rectangle PMNR < area of © c MN D x
region PMNQ < area of rectangle SMNQ Fig. 8.1
= ydx < 0A £ (y + dy)ox
O0A .
:;ygs—xgy+8y (D)

WhenP—>Q,5x—>o,5y—>0and2_’;_>d_A

dx

. SA
From (i), Lt y< Lt =—< Lt (y+9
M 6x—>0y x—0 OX 8y—>0(y y)
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Integrating both sides w.r.t. x between the limits a to b, we get
" " dA b
Jydx = de = [A],
a a

= (value of area A when x = b) — (value of area A when x = a)

= area ACDB - 0 = area ACDB.
If a function f is continuous and non-positive in Y
the closed interval [a, b], then the curve y = f (x) lies

b M
below the x-axis and the definite integral J. f(x) dx

a

is negative. Since the area of a region is always non-
negative, the area of the region bounded by the
curve y = f(x), the x-axis and the ordinates x = a,

X=a

x = b is given by or Fig. 8.2.

b
'[ydx
a

b
Jf(x)dx

Hence, if the curve y = f (x) is continuous and does not cross the x-axis, then the area of
the region bounded by the curve y = f (), the x-axis and the ordinates x = a and x = b is given

b b
by J.f(x)dx or J.ydx . YA
a a
Similarly, if the curve x = g(y) is continuous and dy

does not cross the y-axis, then the area of the region
bounded by the curve x = g(y), the y-axis and the
abscissae y = ¢, y = d is given by

or

d
Jamay

d
J.xdy
C

REMARK
b
It may be noted that when sign of f (x) is not known, then j f (x) dx may not represent the

a
area enclosed between the curve y = f (x), the x-axis and the ordinates x = a and x = b, whereas
b
'[ | f (X) | dx equals the area enclosed between the graph of the curve y = f (x), the x-axis and

a
the ordinates x = a and x = b.
1 1

For example, let us consider the integrals '[ X dx and j | x| dx.
-1 -1
1 2t
First integral = j xdx = {XT} =5 (12 - (-1)?) = 0, whereas second integral
~1 -1

1 0 1
j x| dx = j (—x)dx+'[xdx
-1 -1 0
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(Common sense suggests this division as [x| = - xin [-1, 0] and | x| = x in [0, 1]).
0 1
x2 x2 1 1
= | —— - = - = — + = — =
{ 2] +[2} 2(0 1) 2(1 0) =1.
-1 0
YA YA
+
v/ . -
I \ +
-1 R N+ A
l o 1 ¥ ' \o | 31
1 -1 (0] 1 X
Fig. 8.4.

Clearly, the area enclosed between y = x, the x-axis and the ordinatesx =-1 and x = 1 is
not zero.

It follows that if the graph of a function f is continuous in [a, b] and crosses the x-axis

at finitely many points in [a, b], then the area enclosed between the graph of the curve
b b
y =f(x), the x-axis and the ordinates x = a, x = b is given by J.|f(x)|dx or J|y|dx.

a a

8.2 AREA BETWEEN TWO CURVES

If f(x), g(x) are both continuous in [a, b] and Y
0<g(x) <f(x)forall x € [a, b], then the area of the
region between the graphs of y =f (x), y = g (x) and
the ordinates x = a, x = b is given by

b b
f f(x) dx—j g (%) dx

b
= [ (f(9 - g () dx.

\%
y=d
Similarly, the area of the region between the graphs of
x =f(y), x =g (y) and the abscissae y = ¢, y = d is given by
d RN
J o -gm) dy. S
c
y=¢
Fig. 8.6.

REMARKS
1. If f(x), g (X) are both continuous in [a, b] and g (x) < f (x) for all x € [a, b], then the above
formula also holds when one or both of the curves 'y = f (x) and y = g (x) lie partially or
completely below the x-axis.
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2. If the graphs of the curves y = f (x) and y = g (X) cross each other at finitely many points,
then the area enclosed between the graphs of the two curves and the ordinates x = a and

b
X = b is given by Jlf(x)—g(x)|dx.
a

3. Similarly, the area of the region between the graphs of x = f (y), X = g (y) and the abscissae

b
y=c y=disgiven by [If(y)-g(y)ldy.
c

ILLUSTRATIVE EXAMPLES

Example 1. Find the area of the region bounded by y2 = 4x, x = 1, x = 4 and the x-axis in the first
quadrant. (C.B.S.E. 2006 C, 06, 04)

Solution. The given curve is y? = 4x which represents a
right hand parabola with vertex at (0, 0). The area YA
bounded by y? = 4x, x = 1, x = 4 and the x-axis is
shown shaded in fig. 8.7.

y?=4
P(X,Y)

4 4
Required area = Jy dx = _[2& dx .
1 1

(v y2=4x =y = 2Jx in the first quadrant)
4

=2. X—:Z =%[43’2—13’2]

2 I Fig. 8.7.

4 28 .
- - l - . .
3 [8-1] 5 S units

Example 2. Determine the area enclosed between the curve y = 4x — x2 and the x-axis.

Solution. Given curve isy = 4x — x2.

It can be written as X2 — 4x = -y = (X —2)2 = —(y — 4) A A2, 4)

which represents a downward parabola with vertex at (2, 4).

The parabola meets x-axisie.y=0at 4x-x2=0i.e.
at x = 0, x = 4. The area enclosed between the curve
and the x-axis is shown shaded in fig. 8.8.

4 4 2 3 4
.. Required area = I y dx = I (4x-x?) dx = [4%—%]
0 0 0 o C @40\ x

= (32—%) -(0-0)= % sg. units. Fig. 8.8.
Alternatively. Since the parabola is symmetrical about the line x = 2,
2 2
. X2

required area = 2 _[ 4x-x%) dx =2 [4.———}
: 2 3,

_ol(s-8)_(0_q)] =216 _32 -
= 2[(8 3) (o 0)] 2. 3= 3 sg. units.

REMARK
In case of symmetrical closed area, find the area of the smallest part and multiply the result by the
number of symmetrical parts.
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Example 3. Find the area of the region bounded by the curve y2 = 4x and the line x = 3. (NCERT)

Solution. The given curve is y2 = 4x which represents a right YA
hand parabola with vertex (0, 0). The area bounded by the y?=4x_~
curve y2 = 4x and the line x = 3 is shown shaded in fig. 8.9. PX.Y)
Since the given area is symmetrical about x-axis, :: ™
1
required area = 2 (area of the region bounded by y2 = 4x, : i =
the axis and the line x = 3) i R
3 3 © X
=2 [ydx=2 [2xdx
0 0
v y2 = 4x = y = 24X in the first quadrant
vy y q ) L
3 Fig. 8.9.
_ XGV2 8 32 8 _ -
=4, 5| - §[3 -0] = 5.3@ = 83 sq. units.
2 Jo

Example 4. Find the area of the region bounded by the curve y2 = 4x, y-axis and the line y = 3.

(NCERT)
Solution. The given curve is y2 = 4x which represents a right
hand parabola with vertex (0, 0). The area bounded by YA
the curve y? = 4x, y-axis and the line y = 3 is shown 3 y? = 4x
shaded in fig. 8.10. y=3 ——
2 3 y2 = 7P y)
Required area = [xdy = y—dy
e aa = Joty - |
y? >
('-'y2:4x:>x:7) o X
3
3
_ A,P_} -1 r_q
41 3 12
0
= % sq. units. Fig. 8.10.

Example 5. Find the area of the region bounded by the curve y = x2 and the line y = 4. (NCERT)

Solution. The given curve is y = x2 which represents an
upward parabola with vertex at (0, 0). The area
bounded by the curve and the line y = 4 is shown \ y=4 /
shaded in fig. 8.11.

Since the area is symmetrical about y-axis, ESSSZS

YA

required area = 2 (area of the region bounded by ,,?‘
y = x2, the y-axis and the line y = 4) >
4 4
=2 [xdy=2] |y dx N
0 0 0 X
(v x2=y=x=Jy in the first quadrant) Fig. 8.11.
4
_ X2 Ao _ 4 _ 32 .
=2, _§[4 —0]—5[8—0]—?sq.un|ts.
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Example 6. Find the area of the region bounded by the curve y = x> — 6 x + 5, the x-axis and the lines
x=2 x=4.

Solution. The given curve is YA

y=@?-6x+9) -4 0

= y — (- 4) = (x - 3)?, which represents an upward
parabola with vertex at (3, —4). The required area is
shown shaded in fig. 8.12.

As the required portion of the curve lies below x-axis, y is
negative, therefore, required area

y =x>—6x + 5. It can be written as \
1

X =2
X =
Ul
N 4

A3, -4)

4

J.ydx

2
64 8 20 2 22 .
_—— + - = - + = |-—— === . .

‘(3 48 20) (3 12 10) ‘ 3 3‘ 5 54 units

Example 7. Find the area enclosed by the circle x> + y> = a?. (NCERT)

Solution. The given circle is x> + y? = a2. The area enclosed

by the given circle is shown shaded in fig. 8.13. Since Y
the area is symmetrical about both the axes,

4

Fig. 8.12.

4
J.(x2—6x+5)dx
2

3 2
{x——6.x—+5x}
3 2

2

required area = 4 (area of the region bounded by the arc
of the circle in first quadrant, the x-axis and the lines
x=0and x = a)

:4jiydx=4_‘f\/a2—x2dx © X
0 0

(v x2+y?=a2 =y = +a®> - x* in the first quadrant)

— a
=4 {x o * iz sin”! x}
- 2 2 a -
0 Fig. 8.13.

2 2 2
=4 HO + % sin”! 1) - [0 + % sin”! OJ] =4 {az - 0} = T 4% sq. units.

Example 8. Draw a rough sketch of the graph of the function y = 2 N1-x?, x € [0, 1] and evaluate
the area enclosed between the curve and the axes.

N a

Solution. The given curve is y = 2 V1 - 22

yz x2 yz Y

- 2 _ :
= = 1-x" = TtT < 1, which represents an o2
ellipse of the second standard form. Hence, the given /

equation y = 2 V11— 2 represents the portion of the 1
ellipse lying in the first quadrant. Its rough sketch is i
1
\

shown in fig. 8.14. o /(1,0 X
1
The required area = the area of the shaded region \ /!
\
1 1 \ /
= jydx=J2wl—x2 dx RN I
0 0
1 2 ! — 1
=2 {% +%sir1—1 x} = [x V1-x2 +sinlx . Fig. 8.14.
0

=0 +sin!t1)- (0 +sin!0) = % sq. units.
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2 2
Example 9. Find the area bounded by the ellipse X—Z +§ = 1 and the ordinates x = 0 and x = ae where
a

h2=a2(1l-¢e)and0<e<l.

(NCERT)
Solution. The given ellipse is % + Y- =1 v
olution. The given ellipse is Z + s
y2 X2 B
= =1- =
b? a’ / "
x
> y=x @4 A!J/A x
The required area is shown shaded in fig. 8.15. Y
Since the area is symmetrical about the x-axis,

required area =2 (area of the region bounded by the given

Fig. 8.15.
ellipse, x-axis and the lines x = 0 and x = ae)
ae ae
=2 Iydx =2 j b Ja2 Zx2 dx ( y = 0 in the first quadrant)
0 o 2
ae
b lxxlaz—x2 a2 . x]
=2 - |———— + — sinT =
a 2 2 a
0
2
= % |:(ae Ja?—a’e?+ a’ sin™? e) - [0 + a? sin™t 0]]
= ab (e V1 -e? + sintt e) sg. units.
Example 10. The area between x = y2 and x = 4 is divided into YA
two equal parts by the line x = a, find the value of a.
(NCERT) V2= x _—T
Solution. The given curve is y2 = x which represents a right b N
hand parabola with vertex (0, 0). = x
The area bounded by the parabola and the line x = 4 is N
shown shaded in fig. 8.16. o X
4 4
This area = 2 Jydx: 2 I VX dx
0 0 e
4
3/2
=2.|% :5[43’2-0]:5[8—0]:32. ,
3 3 3 3 Fig. 8.16.
2 o

Since the line x = a divides this area into two equal parts, therefore,

a a
ZJ’«/?dlegzjﬁdng
0 0

2°3
a
3/2
X _8 272 _o4]_8
= 3 3:>3[a O]—3
2 o

= a¥2=4=a=4¥3

= a= 316.
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2
Example 11. Find the area of the smaller region bounded by the ellipse x—z + p
a

Solution. The given ellipse is 2, v 1= L
’ a? b2

b

y= ;\Eaz - x? (* In first quadrant, y > 0)

691
v
2

= 1 and the straight line

(C.B.S.E. 2013, 04)

B(0, b)

N

A(a, 0)

The given line is E+% =1
a
vy _ X a-x
S
b a a
b
= y = — (a—x)
a
The area

shaded in fig. 8.17.

Va2 —x2 —Z (a—x))dx

(v

Required area

O ——

a X
2 2 a 2

o i
bifa> = a7}
a 2 2 2

Example 12. Find the area of the region included between the

I

Fig. 8.17.

of the smaller region bounded by the given ellipse and the given line is shown

(Article 8.2)

2 2 2
{o+; sinll—a2+uzj—[0+; sm10—0+0ﬂ

i (m — 2) ab sq. units.

curve 4y = 3 x? and the line 2y = 3x + 12. YA
(C.B.S.E. 2013)
. . . . N Q. 12)
Solution. The given curve is 4y = 3x2 ...(0) 4
Y
It can be written as y = %x% which represents an Y
upward parabola with vertex at (0, 0). y=3x2
The given line is 2y = 3x + 12 ¢
P
= y= 28 L) €29
Solving (i) and (i), we get
3x+12 3, 0 x
2 4
= 6x +24=3x7 Fig. 8.18.
= xX-2x-8=0=>@x+2)(x-4=0
= x=-2,x=4.

The points of intersection are P (-2, 3) and Q (4, 12).
Required area = area of the shaded region
4
= J (ﬁ _3 xz) dx

2 4
-2

(Article 8.2)
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= 148 + 96 - 64) - (12 - 48 + 8)]

NI N

.108 = 27 sq. units.

4
3 4

= g.x—+6x—§.x— :l[3x2+24x—x3]
272 473, 4 -2
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Example 13. Find the area enclosed by the curve y = —x? and the straight line x +y + 2 = 0.
(NCERT Examplar Problems)

Solution. The given curve is y = —x? ...(@)

It represents a downward parabola with vertex
O(0, 0).

The given lineis x + y +2 =10

= y=-(x+2) ...(i1)
Solving (i) and (i), we get

-x2=—(x +2)
= x2-x-2=0
= @+1)(x-2)=0=x=-1, 2
When x = -1, y = -1 and when x =2, y = -4.
. The points of intersection are P (-1, —1)
and Q (2, —-4).
The required area is shown shaded in fig. 8.19.

We note that the required area lies below x-axis,
therefore,

2
required area = I (- (x +2) = (—x2)) dx
21

{CERCER

YA
(6]
X
(-1,-1)P -
A\
\
‘o
n
X
Z
X
9
o\ Q@ -4
Fig. 8.19.
(Article 8.2)
9 sg. units
5 q-. .

Example 14. Find the area enclosed by the parabola y?> = x and the line y + x = 2. (C.B.S.E. 2009, 05)

Solution. The given parabola is y? = x ..(D)

It represents a right hand parabola with vertex at
(0, 0).

The given line is y + x = 2

ie. x=2-y ...(i0)

Solving (i) and (i), we get
V=2-y=>yY>+y-2=0

=5 y-Dy+2)=0=>y=1-2

Wheny=1,x=1 wheny=-2,x=4

The points of intersection are P (1, 1) and Q (4, - 2).

Y/\

P(1, 1)

Fig. 8.20.

x V

Q4,-2)
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The required area = area of the shaded region

1 2 3 1
[@-y-y?)ay = {Zy—y——y—}
2 -2

3
-2
- (2—1—1j—(—4—2+§j
2 3 3
=2—l—1+6—§:4l sq. units.
2 3 3 2

Example 15. Find the area bounded by the curve y = x and the line x = 2y + 3 in the first quadrant

and the x-axis. (NCERT Examplar Problems)
Solution. Given y =+x (Note that y 2 0) v
/
= yY¥=xy20 ...(0)

It represents a part of a right hand parabola with
vertex (0, 0).

Given line is x =2y + 3 ... (i)
Solving (i) and (i), we get

Y¥=2y+3=1y>-2y-3=0 x=2y+3
S (+D-3)=0 0
= y=-1,3buty >0 -
= y=3 Fig. 8.21.
When y = 3, from (ii), x = 9.

Hence, the curve and the line meet at the point P(9, 3).

X v

Required area is shown shaded in fig. 8.21.

3
Required area = J (Qy +3)—y?) dy (Article 8.2)
0

313
:[y2+3y_y?] =9+9-99-(0+0-0)
0

=9 sq. units.
Example 16. Using integration, find the area of the triangular region whose vertices are (-1, 1), (0, 5)
and (3, 2). (C.B.S.E. 2008)

Solution. Let the vertices of the given triangle be
A(=1, 1), B(0, 5) and C(3, 2), shown in fig. 8.22.

The equations of the sides AB, BC and CA are

y =4x+5 ..(0)
y=-x+5 ...(i0)

B(0, 5)

and y x+= ... (iii) C(3, 2)

respectively. (Obtain these equations) A(-L 1) D

Required area = area of the region bounded by
AABC = area of the region bounded by ABAD + area
of the region bounded by ABDC Fig. 8.22.

j ((4x+5)—(ix+%))dx+

Z-—
O
ZF———

X

((— x+5)— [% X+ %D dx (Article 8.2)

O C—
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0 3 0 3
15 15 5,15\ _ 15 50
.[(TX+T) dx+f (_Z)HT)O'X = T.[ (x+1)dx 4J‘(x 3) dx

-1 0 1 0
2 2 3
= E[X_.H(] __[X__3X] :E[o_(l_ )]_E[(g_g)_o]
41 2 , 412 0 4 2 4
- 15,45 _6_15 Sg. units.
8 8 8 2
Example 17. Using the method of integration, find the area of the region bounded by the lines
2x+y=4,3x-2y=6and x -3y + 5=0. (C.B.S.E. 2011, 09)
Solution. The equations of the given lines are :
2x+y =4 i.e. y=2(2-X) ()
X -2y =6 ie. y= %(x-z) ...(ii)
X-3y+5=0 ie y= %(x+5) ...(iii)

On solving (i) and (ii) simultaneously, we get x =2,y =0
The point of intersection of (i) and (ii) is A(2, 0).

On solving (ii) and (iii) simultaneously, we get x = 4,y = 3.
The point of intersection of (ii) and (iii) is B(4, 3).

On solving (iii) and (i) simultaneously, we get x = 1,y = 2.
The point of intersection of (iii) and (i) is C(1, 2).

The area of the region bounded by the given lines is
shown shaded in fig. 8.23. From C, draw CM 1L OX
and from B, draw BN L OX.

Required area = area of region CMNB
— area of ACMA - area of ABAN

4 2 4
1 3
{§(x+5)dx—!2(2—x)dx—{5(x—2)dx |
o) M A(2, 0)
4 : . /X x
_ 1 [ (x+5)?2 | _ _
|

5 (2 - x)? 3 | (x-2)?
' 2.(_1) E ' 2 Fig. 8.23.
1 3
= 5(81—36)+(0—1)— Z(4—0)

v

1 1 2

= 5—1—3=E—4=%

6 2

Hence, the required area = % sg. units.

Example 18. Find the area of the region bounded by the parabolas y2 = 4ax and x2 = 4ay, a > 0.
(C.B.S.E. 2013, 09, 08)

Solution. The given parabolas are
y2 = 4ax ()
X2 = dax ...(ii)
The equation (i) represents a right hand parabola with vertex (0, 0) and the equation (ii)
represents an upward parabola with vertex (0, 0).
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Solving (i) and (ii) simultaneously, we get YA x? = day
2
2
[4_J =4ax = x* - 64a3x = 0
a y? = 4ax
=  x(x®-64a%) =0 = x = 0, 4a. P(4a, 4a)

When x = 0, y = 0 and when x = 44, y = 4a.
Thus, the points of intersection of the given
parabolas are O(0, 0) and P(4a, 4a). 0o X
The area bounded by the given curves is shown
shaded in fig. 8.24.

The requirede area = area of the shded region
4a 2
= [ [2dax == | dx
4a

0

4

Fig. 8.24.

2
(+ y? = 4ax = y = 2Jax in the first quad. and 12 = day = y = z—a)

4a

4a
3/2 3
= 2.ax x_ _i|:x_:|
0

3
2
_ 4 3/2 1 3
= 2 2 (a2 - 0) - -1 (640 - 0)
3 12a
= iﬁ8a3/2_ Eaz :Eaz_ﬁaz :Ea2.
3 3 3 3 3

. 1 .
Hence, the required area = ?6012 sq. units.

Example 19. Using integration, find the area of the region bounded by the following curves, after making
a rough sketch :

y=1+|x+1x=-3,x=3y=0. (NCERT Examplar Problems)
1+x+1, if x+1=>0

Solution. Given y = 1 + |x+1|={l (x+1), if x+1<0
— , 1

x+2, if x>2-1
= Y= —-x, if x<-1
and x =-3,x =3,y =0.
The required area is shown shaded in fig. 8.25.
. The required area = the area of the shaded region

— ]1 (= x) dx + j" (x + 2) dx
3 |

-5,
- Ja-oe](3ee)(1-2]

=4 + 12 = 16 sq. units.

Fig. 8.25.
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Example 20. Find the area of the region bounded by y = x?> and y = |x|. (C.B.S.E. 2013, 08 C)
Solution. The equation y = x? represents an upward
parabola with vertex at (0, 0).

>
yzlxlz{x'x_o Y 4

-x ,x<0

which represents parts of two straight lines.

v

The line y = x, x > 0, meets the parabola y = x2 heA 3
where x = 12 i.e. where x =0, 1. C1L1Q P(1,1)
When x=0,y=0;, whenx=1,y=1.

The points of intersection of the line y = x (x 2 0) >
and the parabola y = x? are (0, 0) and (1, 1). © X

The line y = —x, x < 0 meets the parabola y = x? Fig. 8.26.

where —x = x2 i.e. where x = —1.
When x =-1, y = 1.
The point of intersection of the line y = -x, x <0

and the parabola y = x? is (-1, 1).
The required area is shown shaded in fig. 8.26.

1
Required area = ZI (x —x2) dx (by symmetry)
0

2 37!
S A 2((l—lj—(0—0)j sq. units = 1 sq. units.
2 3], 2 3 3

Example 21. Find the area of the region in the first quadrant enclosed by the x-axis, the line x = ~'3y
and the circle x* + y? = 4. (C.B.S.E. 2012)

Solution. The given circle is x? + y? = 4 (D)
Its centre is (0, 0) and radius = 2. Y A
The given line is x = «/gy ... (i)
Solving (i) and (i), we get P(+3,1)
3P+ 2 =4 =42=4 ==

= y=1,-1, but in first quadrant y > 0 © M2, 0) X
= y=1
Wheny =1, x = +/3.1 = +/3.

The point of intersection in the first quadrant is P (+/3, 1).

The required area = the area of the shaded region Fig. 8.27.

NR) 2
%dx+vj§\/4—x2 dx

Il Il
[SYT—
w|"
| —
N|><,\,
| I |
S) 2
w
+
| — |
=
N
N
2
N
+
N
wn
@,
=)
iR
VY
N R
N—
| |
\1 N

L (3_0)+L- in-11— sin1 Y3
= ﬁ(2 0)+2(0 ﬁ.l)+2[sm 1-sin 2)
= £—£+2(£—£) = — sq. units.

2 2 2 3 3
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Example 22. Find the area of the region enclosed between the two circles x2 + y2 = 9 and

(x-3)2+y2=09. (C.B.S.E. 2009)
Solution. The given circles are
X2 +y? =9 Q)
and (x-3)2+y2=9 ... (i)
The equation (i) represents a circle with centre (0, 0) and Y A

radius 3 units and the equation (ii) represents a circle with

centre (3, 0) and radius 3 units. o
Solving (i) and (ii) simultaneously, we get

x2—(x—3)2:0:>6x—9:0=>x:%. !

When x = % from (i), we get

Q

2

3 9 27 343

- +y2 =90 =\y2 =9 =2 5 y=+42V7 :

(2) y y -2 Y > Fig. 8.28.

The points of intersection of (i) and (ii) are

{229) o[2-27)

2 2 2

The area of the region enclosed between the given circles is shown shaded in fig. 8.28.

Note that the required area is symmetrical about x-axis. As the radii of the two circles are
equal, the required area is also symmetrical about the line PQ.

From (i), y = v9-x2 (in the first quadrant)
Required area = area of the shaded region
2 (area of the region OMCPO) = 2 x 2 (area of region MCPM)

4} V9—x2 dx

3/2

3
[g _ x2 2
= 4[H—X+%5in1%:|

2
3/2

=2 [(0+Qsin—l(l))—(§ﬂ+9sin—1%]]

=2 Qxi_ﬂ_gxﬁ :Gn_ﬂ_
2 4 6 2

Hence, the required area = (6n—%ﬁ] sg. units.

Example 23. Find the smaller of the two areas in which the circle x2 + y2 = 4 is divided by the parabola
y2=3(@2x - 1).

Solution. The given circle is x2 + y2 = 4 ...(>0)
Its centre is (0, 0) and radius = 2.
The given parabola is y2 = 3 (2x - 1) ... (i)

=y’ =6 (x—%), which is a right hand parabola with vertex at (% , 0).
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Solving (i) and (ii), we get
X2+32x-1)=4=x2+6x-7=0
= @+7)x-1)=0=>x=-7,1

but xz% = x=1

When x =1, 12 =3 =y = + /3.
The points of intersection of (i) and (ii) are
P(1, ¥3), Q(1, - V3).
The required area = the area of the shaded region
= 2.area of the region PAB
(by symmetry)

Required area = 2 (area of the region PAM

+ area of the region PMB)
1

2
=2 J.\fmdx + 2'[ 4—x? dx
12 1

2
_ 2.3 (2x-1)%2 Lo |XVA-X2 4L X
A —22 | 5

MATHEMATICS - XII

YA

P(1, ¥3)

\ 4

L \Q(1, —¥3)

Fig. 8.29.

2 12
- &(1—0)+(0+4sin—1(1))—[ﬁ+4sin—1(l)j:£+4.£—(B+4.£)
3 2 3 2 6
_ 3_ _E :_ﬁ 4_75:1 — 1
= \/5(3 1)+2n 3T >t 3 3(41t 3) sq. units.

Example 24. Find the area of that part of the circle x> + y? =
v =6

Solution. The given circle is x> + y? = 16 (D)
Its centre is (0, 0) and radius = 4.
The given parabola is y? = 6x ... (i)
which is a right hand parabola with vertex at (0, 0).
Solving (i) and (i), we get

¥+6x-16=0

= (@-2)@x+8=0
= x=2, -8butx=>0
= x=2.

When x =2, 12 =6.2=12 =y = +2+3.

16 which is exterior to the parabola
(C.B.S.E. 2008, 07)

Y4
P(2, 2+3)
|
|
| N
o | J40)X
i
Q(zv_‘/g)
Fig. 8.30.

The points of intersection of (i) and (ii) are P(2, 24/3) and Q(2, —2+/3).

The required area = the area of the shaded region

= area of the circle — area of the circle interior to the parabola

4 2 4
=4j«/16—x2 dx—2{_[«/@dx+_[«/16—x2dx}
0 0 2

32 |,

4 2 4
J16 — 2 32 NP
4{3( 162 x +1263in1%} 26 [x/ } _z[x 16 — x 16 X

(by symmetry)

sin~1 =
2 4
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=4 E(O— 0) + 8(sin-L 1 — sin-L 0)} - @ [2v2 - 0]
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-2 [% (0 - 443) + 8(sin—1 1-sin %n

=32 (2-0)-2+43-16(2-1)

—1ep- B4 _32, 4
3 J3 3 3

V3 = % (81 - +/3) sq. units.

Example 25. Find the area of the region above the x-axis, included between the curves y?2 = ax and

X2 + y2 = 2ax.
Solution. The two curves are y2 = ax
and x2+y2-2ax =10 ie (x-a)?+y2=a?

(NCERT Examplar Problems)
(i)
...(ii)

The curve (i) is a right hand parabola with vertex at (0, 0) and the curve (ii) is a circle with

centre (a, 0) and radius a.

Solving (i) and (ii) simultaneously, we get (x — a)? + ax = a2
= X2-ax=0 = x(x-a)=0

= Xx=0, a.

When x=0,y2=0 = y=0.

When x =a,y2=a.a=a?2 = y=a -a

Y 4

The points of intersection of (i) and (ii) are (0, 0), (a, a) and
(a, —a).

The required area is shown shaded in fig. 8.31.

Above the x-axis, the arc of the circle from O to A is a

part of the curve y = \“““‘Zax—x2 and the arc of the

parabola is a part of the curve y = Vax.

Fig. 8.31.

a a
Hence, the required area = J (2ax — x? —Jax)dx = I (Va? — (x — )% — Va+/x)dx
0 0

= | X2 faz—(x—a)z+£sinfl(x_a)—«/ﬁ—xsz '
2 " 2 a 32 |,

- 2 . o1g_ 2 3/2 & o
= 0+?sm O—Eﬁ.a - 0+7sm (-1)-0

_Eaz_i(_ﬁ) -8a?+3na? (3m-8)a?
B 12 B 12

sq. units.

Example 26. Find the area of the circle 4x2 + 4y2 = 9 which is interior to the parabola x2 = 4y.

Solution. Given equations are
2
4x2 + 4y? =9 ie. X2 +y2 = (i)

and x2 =4y

(C.B.S.E. 2010)

..(i)
...(ii)

The equation (i) represents a circle with centre (0, 0) and radius % and the equation (ii)

represents an upward parabola with vertex (0, 0).
Solving (i) and (ii) simultaneously, we get

16y + 4y2 =9 = 4y2 - 16y -9 =0
= (@2y-1)@2y+9=0
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= Y = 9 buty = - 9 does not give real values of x
2 2

N N

=Yy

When y = %,from (i), X2 =2 = x=+2,-42.
The points of intersection of (i) and (ii) are

(w4)of-4

2

The circle meets y-axis at B when OB = i.

The area interior to the circle (i) and parabola (ii) is
shown shaded in fig. 8.32.

Note that the required area is symmetrical about Fig. 8.32.
y-axis.

2
From (i), x = (%) —y2 and from (ii), x = 2\/V (in the first quadrant)

Required area = area of the shaded region
= 2 (area of the region OPBO)
2 (area of region OPMO + area of region MPBM)

3/2
2_[2(dy+2j. —y2 dy

3/2

1

N
<

+

/2

8 1 1 1 9(n
= . - —-ZJ2+>|Z-sint=
3°2° 2 2( 4(2 )
=4 1.9 Ogpal_ 1 9 94441
342 2 8 4 3 3J2 8 4 3
Hence, the required area = L+9—n—gsm—11 sq. units.
3J2 8 4 3

4
Example 27. Sketch the graph of f (x) = {I XX—22_|; 2 xs< z Evaluate J f(x) dx. What does the value

0
of this integral represent on the graph? (C.B.S.E. Sample Paper)

. . Ix-2]+2, x<2
Solution. Given y = f(x) =
y () { x2 -2, X>2.

When x <2, y=Ix-2] +2=-X-2)+2=4-X
i.e. when x <2,y =4 - x, which represents a part of a straight line.
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Table of values

YA
X 0 2
y 4 2
When x > 2,y =x2 -2 ie y+ 2= x2 which
represents a part of an upward parabola with
vertex at (0, —2).
Table of values v 4
\
X 3 4 v 2
\ l|
y 7 14 \ R
_ o ol 2 4 %
A rough sketch of the graph of the given function is v,
shown in fig. 8.33. -2
4 4

jf(x) dx

0

1
O —N

f(x) dx + j f(x) dx
2 Fig. 8.33.

2 4
= J (4_X)dX+I (x? - 2) dx
0 2

= (8-2-(0-0)+ (%—8)—(§—4)

3
= 6+5—6—4:25q.units.
3 3

4
The value of 'f f(x) dx on the graph represents the area bounded by the curve y = f(x), the

0
x-axis and the ordinates x = 0 and x = 4 i.e. the area of the shaded region.

Example 28. Make a rough sketch of the region given below and find its area using methods of
integration : {(X, y); 0<y<x2+3,0<y<2x+30<x<3}L

Solution. First, we note that the curve y = x2 + 3 is an upward
parabola with vertex at (0, 3). The curve y = 2x + 3 is a
straight line. The required area lies below the parabola as
well as the line y = 2 x + 3 and above the x-axis between the
ordinates x = 0 and x = 3.

YA

Solving y = x2 + 3 and y = 2 x + 3 simultaneously, we get
X2+3=2x+3 = x2-2x=0

= X(X-2)=0 = x=0,2 3

The required area is shown shaded in fig. 8.34. For

[ Y S ——-.

0 < x <2, the area lies below the parabola 'y = x2 + 3 and for / S >
2 < x < 3, the area lies below the liney = 2x + 3. 123 X
Hence, the required area Fig. 8.34.

2
0

—_—r

3
2 _ | x3 3
(x +3)dx+£(2x+3)dx = [?+3x] +[x2 +3x];

1
~/~ o

5+6-0)+[(9+9)~(4+06)

+6+8= % SQ. units.

|
w| oo
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Example 29. Find the area of the region bounded by y = x2 + 1,y =x,x=0and y = 2.
Solution. First note that the curve y = x2 + 1 i.e. y -1 = x2 represents an upward parabola with
vertex at (0, 1) and in the first quadrant :

X = N/y—l, YA o
The required area is shown shaded in fig. 8.35. &_"
. The required area = the area of the shaded region <77
2 2
- c/ B
= [ydy-[y-1dy Ny =
0 1
_ [ﬁ]z _[wr 6 >
2 0 372 1
=(2-0) - %(1 -0) = % sq. units. Fig. 8.35.
Example 30. Find the area of the region {(x, y) X2 +y2<1<x+ %}
Solution. The equation x2 + y2 =1 ...(>0)
represents a circle with centre (0, 0) and radius YA
1 unit.
The equation x + % =liey=2-2x ... (i)

represents a straight line.

The given region {(x, y); X2 + y2 <1 < x + %} is

bounded by the circle (i) and the line (ii).
It is shown shaded in fig. 8.36.

a
N

g___
<V

The circle and line meet where x2 + (2 — 2x)2 =1

= 5x2—4x+3=0:>x=1,§.

Fig. 8.36.

In the first quadrant, from (i), y = v1-x2.
Hence, the required area

1

1 [ 2
j (V1-x2 —(2-2x)) dx = [X 12_)( +;sin‘1x—2x+x2]

3/5 3/5
1. 134 1. ,3 3 9
= [0+=sin11-2+1|-|=-=- = Zsinl=-2. =+ —
( 2 ) (2 55 2 5 5+25)
1 n 6 1 3 6 9 T 2 1. .3 .
= > Z-1l-—=-Zsinl 24— =|-2-_Z_= sin-t = | sqg. units.
272 25 2 575 25 (4 5 2 5) g

Example 31. Sketch the region bounded by the curve y = \5 - x? and y=|x-1]| and find its area.

Solution. The equation y = v5 — x? ..(i)
represents the upper half of the circle x2 + y2 = 5 with centre at origin and radius = /5.
Xx-1,x21

{— x-1),x<1

The point(s) of intersection of (i) and y = x — 1 are given by
X2+ (Xx-12=5 = 2x2-2x-4=0

= X2-Xx-2=0 = Xx+1)(x-2)=0butx>1

Also y=|x-1|=
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= X=2, y=2-1=1.
The point of intersection is P(2, 1).
The point(s) of intersection of (i) and y = —x + 1 are given by
X+ (-x+12=5 = 2x2-2x-4=0 = x2-x-2=0
= X+1)(x-2)=0butx<1
= xXx=-1, y=—-(-1)+1=2
The point of intersection is Q(-1, 2).
A rough sketch of the region bounded by the given s
curves is shown in fig. 8.37.
Hence, the required area = the area of the shaded
region
= the area of region QNCMPQ - area of AQNC
— area of APCM

Zt—-———=-==
O
@]
Z---
>
X

2 1 2 Fig. 8.37.
= J.w"'S—x2 dx—_[(—x+1)dx—j (x — 1) dx
-1 -1 1
= [X 5-x2 +§sm-1i] —[ier]l —[—Z—x]z
2 2 IR 9 .
= (1+§sin—l%J—(—ugsin—l(;—%)) - [(—%+1)—(—%—1)]—[(2—2)—(%—1)]

= [3(gint 2 4sint L)1 '
(2(sm T sin ﬁ) 2)sq. units.

Example 32. Prove that the curves y2 = 4x and x2 = 4y divide the area of the square hounded by x = 0,
x =4,y =0andy = 4 into three equal parts. (C.B.S.E. 2009)

Solution. The equation y2 = 4x represents a right hand parabola with vertex (0, 0) and the equation
x2 = 4y represents an upward parabola with vertex (0, 0).

A rough sketch of the two given parabolas and the square bounded by the lines x = 0,
x =4,y =0andy = 4is shown in fig. 8.38.

The area bounded between the curves y? = 4x YA
2 — e i X2 =4y
and x? = 4y is given by y=4
. \ y2:4x
2
- (z( _ XJ o .
0 4 1l 1
x x
4
32 3 >
=12. X E . X o y=0 X
3 473
2 0

4 1 3
3@ -0-57@ -0 Fig. 8.38.

32 16 16 . .
=3 7373 sg. units ()
The area of the region bounded by the parabola x2 = 4y and the lines x =4 and y = 0 is
given by
3 4

4 o
= | X=X 218 sq. units -..(ii)
5 4 4 3 o 3
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The area of the region bounded by the parabola y2 = 4x and the lines x =0 and y = 4 is
given by

4 4 2 3 4
= — L — E L — E i
!xdy = Z'). 4 dy = 2 [3 L 3 SQ. units ... (iii)
From (i), (ii) and (iii), it follows that the area of the square bounded by the given lines is
divided by the given curves into three equal parts.

Example 33. Find the area bounded by the axis of x, the curve y = 2x2 and the tangent to the curve at
the point whose abscissa is 2.

Solution. The given curve is'y = 2x2 0]
It represents an upward parabola with vertex at (0, 0).
If x =2, theny =2 .22 = 8, therefore, the point on the curve whose abscissa = 2 is P(2, 8).

Differentiating (i) w.r.t. X, we get

Y
v 2.2x =4x. 1
dx
. The slope of the tangent to the curve at P = 4.2 = 8. P(2, 8)
The equation of the tangent to the curve at the point |
P(2, 8) is |
|
y-8=8(x-2) ly -y, =m (x-x) !
= y=8x-8 ...(i) !
It meets the x-axisie.y=0at8x -8 =0ie atx = 1. \
The required area = the area of the shaded region i
2 2 %317 x2 2 i s
= 2 - — = [RAE AN ‘.
_[ 2x2dx I (8 x — 8) dx 2.[3]0 [8.2 8x]1 0 /1 2 X
0 1
= %(8 _0) — [(16 - 16) — (4 — 8)] = %- 4= % sq. units. Fig. 8.39.

Example 34. Using integration, find the area of the region bounded by the line y — 1 = x, the x-axis and

the ordinates x = -2 and x = 3. (C.B.S.E. 2002 C)
Solution. The given lineisy — 1 = x

i.e. y=x+1 ()

The graph of the line is shown in fig. 8.40. The line Y /

meets the x-axis i.e. y = 0 at the point (-1, 0). Thus, the
straight line between the ordinates x = -2 and x = 3
crosses the x-axis at x = —1.

.. The required area = the area of the shaded region

3 3
j|y|dx=j|x+1|dx

X==2

-2 -2 -2 I 210 1I I2 3;
~-1 3

= j|x+1|dx+j|x+1|dx . Fig. 8.40.

-2 -1

~-1 3
= j(—(x+1))dx+j(x+1)dx

-2 -1

(Wfor-2<x<-1,x+1<0=>|x+1|=-(x+1);andfor-1<x<3 x+12>0

=>|x+1|=x+1)
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I
|
| —
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N
+
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| S |
I I
N -
+
| —
|\>|><,\,
+
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| w
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1
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———
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N |-
|
-
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| S
+
1
Y
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+
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|
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N |-
|
-
N———
| S

= 8% sg. units.

Example 35. Find the area of the region bounded by x = y3, the y-axis and the linesy = -1,y = 2.

Solution. A rough sketch of the part of the curve x = y3 is shown in fig. 8.41. Note that the curve
crosses the y-axis at origin.

. The required area = the area of the shaded region

2

2
Y
= Ixidy= [ 1y} dy 1
-1 -1
=3
0 2 y=2 #_
= [ 1vlay+ | Iyl dy
-1 0 R
0 2 © X
= [ Cydy+ [ vy PZ y=-1
-1 0
Fig. 8.41.

(vy3<0forye [-1,0land y3 >0 fory e [0, 2])
0 2
- ﬁ} +[ﬁ] -~ Yo-p+i@s-o

=1 + 4 = 7 sQ. units.
4 4

Example 36. Find the area enclosed by the curve y = cos x and the x-axis between x = 0 to x = 2.
(NCERT)
Solution. A rough sketch of the curve y = cos x between x = 0 to x = 2t is shown in fig. 8.42.
The required area is shown shaded in fig. 8.42. Note YA
that the curve y = cos x crosses the x-axis at x = g and
3n 1

2 ™ 1 .
x T 3n 2n X
2n -1 2\—/2

X =

~. The required area = J | cosx | dx
0
Fig. 8.42.

n/2 3n/2 2n

= J|cosx|dx+ j Jcosx|dx + J | cosx | dx
0 n/2 3n/2
n/2 3n/2 2n

= jcosx dx + j (-cosx) dx + j cosx dx
0 n/2 3n/2

= [sin x]"/2 - [sin X]W2 + [sin x]Z"

0 /2 3n/2

=(1-0)-[-1-1+[0-(-1)]
=1+ 2+ 1=4sq. units.
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Example 37. Find the area enclosed between the curves y = sin x and y = cos X that lies between the lines

x=0andx = X,
2
Solution. A rough sketch of the curves y = sin x and Y
y = cos X between the lines x = 0 and x = g is shown in y=cosx Y=sinx
1
fig. 8.43.
We note that the curves cross each other at sin x = cos x
e attan x =1ie atx = =, o s z X
4 4 2
The area enclosed between the given curves and the lines
x=0and x = g is shown shaded in fig. 8.43. Fig. 8.43.
n/2
. The required area = J. | cosx —sinx | dx
0
n/4 n/2
= j Jcosx —sinx ] dx + j | cos x —sinx ] dx
0 n/4
n/4 n/2
= j (cosx —sinx) dx + J (sinx — cosx) dx
0 n/4
. n/4 . n/2
= [sinx +cos x| +[—cosx—smx]n/4
1 1 1 1
=ll=+—=|-0+D)|-[0+)) | —=+—
(G )-on]-ooo-(5- )
2 2 .
= =~ —1-1+-==2J2 -2 =2(J2 - 1) sq. units.
7 7 ( ) s

=

EXERCISE 8.1
(i) Find the area of the region bounded by y2 = x, and the lines x = 1, x = 4 and the

x-axis (in the first quadrant). (NCERT)
(ii) Find the area of the region bounded by y2 = 9%, x = 2, x = 4 and the x-axis in the
first quadrant. (NCERT)

(iii) Find the area of the region bounded by y2 = x - 2, x = 4, x = 6 and the x-axis in the
first quadrant.

(i) Find the area of the region bounded by x2 = 4y, y = 2, y = 4 and the y-axis in the

first quadrant. (NCERT)
(ii) Find the area of the region bounded by the curve ay? = x3, the y-axis and the lines
y=aandy = 2a. (NCERT Examplar Problems)

. Using integration, find the area of the region bounded between the line x =2 and the

parabola y? = 8x. (NCERT Examplar Problems)

. Using integration, find the area of the region bounded by the line 2y = 5x + 7, x-axis and

the lines x = 2 and x = 8. (NCERT Examplar Problems)

. Make a rough sketch of the curve y = 9 — x2, 0 < x < 3 and determine the area enclosed

between the curve and the axes.

. Calculate the area under the curve y = 2+4/x included between the lines x = 0 and x = 1.

(NCERT Examplar Problems)
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7.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Draw a rough sketch of the curve y = yx—1 in the interval [1, 5]. Find the area under
the curve and between the lines x = 1 and x = 5. (NCERT Examplar Problems)

. Find the area bounded by the parabola x = 4 — y2 and the y-axis.

. Sketch the graph of the curve y = v/x + 1, 0 < x < 4 and determine the area of the region

enclosed by the curve, x-axis and the lines x = 0 and x = 4.
Find the area of the region bounded by the parabola y2 = 4ax and its latus-rectum.

(NCERT)

(i) Find the area lying between the curve y2 = 4 x and the line y = 2x. (NCERT)

(ii) Find the area of the region enclosed by the parabola y2 = 4 a x and the chord y = mx.
(NCERT)

Find the area bounded by the curves y = x and y = x2. (NCERT)
Using definite integrals, find the area of the triangular region whose sides have the
equationsy =2x + 1, y=3x+ 1 and x = 4. (C.B.S.E. 2011)
(i) Using integration, find the area of the triangle ABC whose vertices have coordinates

A (2, 0), B(4, 5) and C (6, 3). (C.B.S.E. 2006 C, 03 C)

(if) Using integration, find the area of the triangle ABC, the coordinates of whose
vertices are A(4, 1), B(6, 6) and C(8, 4). (C.B.S.E. 2010)

(iii) Using integration, find the area of the region bounded by the triangle whose vertices
are (1, 0), (2, 2) and (3, 1). (C.B.S.E. 2008)

(i) Using integration, find the area bounded by the lines x + 2y =2, y —x =1 and

2x+y=17. (C.B.S.E. 2012, 08)

(if) Using integration, find the area of the region bounded by the lines y = 4x + 5,
y=5-xand 4y =x + 5. (C.B.S.E. 2005)

Find the area lying in the first quadrant and bounded by the circle x2 + y2 = 4 and the
lines x = 0 and x = 2.

Determine the area under the curve y = vr?—x? included between the lines x = 0 and
X = r. Hence, prove that the area of a circle of radius r is zr2.
(NCERT Examplar Problems)

Sketch the region {(x, y) : y = v4—x?} and x-axis. Find the area of the region using
integration. (NCERT Examplar Problems)

Sketch the region {(x, y) ; 4 x2 + 9 y2 = 36} and find its area, using integration.

2 2
Make a rough sketch of the curve XT+% =1 and find

(i) the area under the curve and above the x-axis.

(if) the area enclosed by the curve. (NCERT)
2 2
(i) Find the area of the region bounded by the ellipse )1(—6 + % =1. (NCERT)
2 2

(if) Find the area enclosed by the ellipse );—2 + % =1. (NCERT)

(i) Find the area of the region {(x, y) : X2 + y2 < 4, x +y > 2}. (C.B.S.E. 2012)

(ii) Find the area of the minor segment of the circle x2 + y2 = a2 cut off by the line
a

X= —. NCERT

NG ( )

(i) Find the area of the region in the first quadrant enclosed by the x-axis, the line

y = x and the circle x2 + y2 = 32, (C.B.S.E. 2004 C)

(i) Find the area of the region bounded by the curve y = ¥1 — x? , the line y = x and the
positive x-axis. (C.B.S.E. 2005)
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2 2
. Find the area of the smaller region bounded by the ellipse % + yT =1 and the straight
line 2+Y =1, (NCERT)
3 2

AOB is a part of the ellipse 9x2 + y2 = 36 in the first quadrant such that OA = 2 and
OB = 6. Find the area enclosed by the arc AB and the chord AB. (NCERT)
Find the area of the region enclosed by the parabola x2 = y and the straight line y = x + 2.
(NCERT)

Find the area bounded by the curve x2 = 4y and the straight line x = 4y -2.
(C.B.S.E. 2013, 06)

Find the area of the region bounded by the parabola y? = 2x and the straight line
X-y=4 (NCERT Examplar Problems)

Find the area bounded by the curve y2 = 4a%2(x — 1) and the lines x = 1, y=4a.

Draw a rough sketch and find the area of the region bounded by the two parabolas
y2=6xand x2 = 6y. (NCERT Examplar Problems)

Find the area of the region bounded by the parabolas y? = 2px and x2 = 2py.
(NCERT Examplar Problems)

Using integration, find the area of the region enclosed between the circles x2 + y2 = 4 and
(x-22+y2=4 (C.B.S.E. 2013, 08)
Using integration, find the area of the region enclosed between the circles x2 + y2 = 1 and
x-12+y2=1 (C.B.S.E. 2008, 07, 06 C)

Find the area of the region {(x, y) : y2 < 4x, 4x2 + 4y? < 9} using method of integration.
(C.B.S.E. 2013, 08)

Using integration, find the area of the region = {(x, y) : y2 < 6ax, x2 + y2 < 16a?}.
(C.B.S.E. 2013)

Find the area of the smaller region bounded by the curves y2 = 2x and x2 + y2 = 4x.
(NCERT Examplar Problems)

Find the area of the region bounded by the parabola y = x2 + 1 and the lines y = X,
x=0and x = 2.

. . I
Draw a rough sketch of the curves y = sin x and y = cos x as x varies from 0 to ) and

find the area of the region enclosed by them and the x-axis.

Find the area bounded by the y-axis, y = cos x and y = sin x when 0 < x < %
(NCERT)

Sketch the graph of y = |x + 3] and evaluate the area under the curve y = |x + 3] above

x-axis and between x = -6 to x = 0. (C.B.S.E. 2011)

Draw a rough sketch of the curvesy = (x - 1)2and y = |x — 1]. Also find the area of the
region bounded by these curves.

Find the area of the region {(x,y) ; 0<y<x2+1,0<y<x+1 0<x<2}. (NCERT)
Find the area of the region bounded by the line y = 3x + 2, the x-axis and the ordinates
x=-1and x = 1L

Find the area enclosed by the curve y = sin x and the x-axis between x =0 to x = 2.
(NCERT Examplar Problems)
Find the area bounded by the curves y = x and y = x5.
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TYPICAL ILLUSTRATIVE EXAMPLES

Example 1. Find the area bounded by the curve y = x — 34/X and the x-axis.
Solution. The given curve isy = X — 34/X (D)
The given curve meets the x-axis i.e. y =0 at x - 3yx =0
ie at VX (VX —3)=0 ie at yx =0, VX =3
ie.atx =0, x=09.
As the portion of the curve between x = 0 to x = 9 lies below the x-axis, y is negative.

. The area enclosed between the curve and the x-axis

9 9
_ 3 | x2 X372
= jydx = j(x—3&)dx =|| 5 -85
0 0 5 0
= %[92_02]_2[93/2_0]‘
= |Lye1o A2 i
= EX81 2><27‘—‘ 2‘— 5> SO units.

Example 2. Find the area A bounded by the x-axis, part of the curve y =1 — X—SZ and the ordinates

X =4 and x = 8.

If the straight line passing through the point (a, k) and parallel to the y-axis divides the area A into
two parts in the ratio 4 : 5, find the value of a.

8 8 8
Solution. Required area A = 'f y dx = I (1—%) dx = J. (1 -8x72) dx
4

4 4

1718 8
= [x—8.x—} =[x+§]
-1 4 X4
= (8 + 1) - (4 + 2) = 3 sq. units.

The straight line passing through (a, k) and parallel to y-axis is the ordinate x = a. It divides
the area A into two parts.

a
E] =a+§—6 and
X a

4

Area of 1st part

1
A —

—

[EEN

|
><N| o
—

o

X

|
—

X

+

area of 2nd part

1]

D C—y 0
~
'_\
|

x

% o
——
o
3

Il
—
x
+
x |
—
Qo (o]
|
[{e)

|
~—
Qo
+

| o
——

8
a+—-6 4
According to given, —2& — = =
9—,31—§ 5
2_
¥ -barb _4 — 5a2—-30a+ 40 = 36a - 4a2 — 32
9a-a<-8 5

9a2-66a+72=0 = 3a2-22a+24=0
(a-6)(Ba-4=0 :a:6,%buta>4
a=~6.

LU U
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Example 3. Find the area of the region bounded by the curve y = x(4 — x), the x-axis and the lines
x=0 x=05.

Solution. The given curve is y = x(4 — x). YA AR, 4)
It can be written as X2 —4x = -y = (x - 2)2 = —(y — 4),
which represents a downward parabola with vertex at
A2, 4). I
The parabola meets the x-axis i.e. y = 0 at 4x — x2 = 0 )
ie at x =0, x = 4. A rough sketch of the curve is shown
in fig. 8.44. 0 X
Note that the curve crosses the x-axis at x = 0 and at
x = 4. w0
I
. The required area = the area of shaded region =
5 4 5
= [lyldx = [1yldx + [lyldx
! q p Fig. 8.44.

5
x(4—-x)dx + I—x(4—x)dx (= y=0forxe [0,4] and y <0 for x € [4, 5])
4

O i O —y

5 374 3 5
(4x —x?)dx + J‘(x2 —4x)dx = [sz—x—} +[x——2x2}
4 3 0 3 4

- (32—ﬁ)—0+(@—50)—(%4—32j -2 5,32 _ 3 _134q units.

3 3 3 3 3 3
Example 4. Find the area bounded by the cure y = 2x + x? — x3, the x-axis and the lines x = —1 and
x = 1.
Solution. The given curve is y = 2x + x2 - 13,
It can be written as y = —x(x2 - x = 2) = —x(x + 1) (x - 2)
= y=—-(+1) x(x-2).
The curve meets the x-axis ie. y =0at—(x + 1) x (x =2) =0 ie. atx =-1, 0, 2.
We note that the curve crosses the x-axis at x = -1, x = 0 and at x = 2.

Scheme for signs of y, using method of intervals :

+ve +ve —ve
—ve

-1 0 2 X

Fig. 8.45.
1 0 1
The required area = I lyldx = I |y|dx+J. lyldx
-1 -1 0
0 1
'[ —(2x + x%2 = x3)dx + J (2x + x2 — x%)dx
-1 0
SR 3 4!
- _ X2 +x__x_ + x2+x__'x_
3 4, 34,

~ 0—(1—1—1) Lyl 1 12-4-3 12+44-3
3 4 3 4 12 12

5 ,13_18_3 .
+—=—=—- sq. units.
12 12 12 2
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Example 5. Find the area bounded by the curves y = 6x — x> and y = x> — 2 x.
Solution. The given curves are

y=6x—x? ...(0)
and y =x?-2x ...(i0) Y
The equation (i) can be written as (3,9)
x> -6x+9=-y+9 P4, 8)
= (x = 3)> = —(y — 9), which represents a downward
parabola with vertex at (3, 9) and the equation (ii) can be & |
written as o o
(x + 1)> = y + 1, which represents an upward parabola 3 "
with vertex at (1, — 1). » h
Solving (i) and (ii), we get o o \ X
6x-x2=x2-2x=2x2-8x=0
= xx-4)=0=2x=0,x=4. Fig. 8.46.
. The points of intersection are O(0, 0) and P(4, 8).
. The required area = the area of the shaded region
4 4
= J ((6x —x2) — (x2 = 2x)) dx = I (8 x — 2x2) dx
0 \ 0
= [8.%—2.%]0 = [64—%)—0 = % sq. units.
LEXERCISE 8.2 TYPICAL PROBLEMSJ
1. Find the area of the region bounded by the curve xy -3 x-2y-10= 0, the x-axis and the lines

x =3 x=4.

2. Calculate the area of the region bounded by the curve y = log x, the straight line
x = 2 and the x-axis.
Hint. The curve y = log x meets the x-axis i.e. y = 0 where log x = 0 i.e. where x = 1.

2
3. Show that the area included between the x-axis and the curve a? y = x2 (x + a) is %.

Hint. The curve meets x-axis i.e. y = 0 where ¥ (x + a) = 0 i.e. x = —a, 0.

4. Find the area bounded by the x-axis, part of the curve y = 1 + x% and the ordinates at
x = 2 and x = 4. If the ordinate at x = a divides the area into two equal parts,
find a.

5. Find the area of the region enclosed by the curves y = log x, y = 2* and the lines
X = l, x = 2.

2

2
Hint. Required area = J (2* - log x)dx.
1/2
6. Find the area bounded by the curves y? = 4a(x + a) and y? = 4b(b - x).
Hint. The equation 32 = 4a(x + a) represents a right hand parabola with vertex at (-a, 0)
and the equation y? = 4b(b — x) i.e. y*> = —4b(x — b) represents a left hand parabola with

vertex (b, 0). It will be found that their points of intersection are (b — a4, 2+ab) and

2+/ab 42 42
(b —a, —2ab). Required area =2 '([ [[b _EJ_(E_ aj] dy.
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CHAPTER TEST

. Find the area under the given curves and the given lines :
(i) y =x3 x =1, x =2 and x-axis.

(i) y = x4 x =1, x = 5 and x-axis. (NCERT)
. Find the area of the region lying in the first quadrant and bounded by y = 4x2, x = 0,
y=1landy =4 (NCERT)

. Find the area enclosed between the curve y = 2x — x2 and the x-axis.
. Find the area of the region bounded by the parabola y2 = 16 x and its latus-rectum.
. Find the smaller area cut from the circle x2 + y2 = 25 by the line x = 3.

. Using integration, find the area of the region bounded by the triangle whose vertices are
(-1, 0), (1, 3) and (3, 2). (NCERT)

. Find the area bounded by the parabola y2 = 4x and the line y = 2x — 4.

. Find the area bounded by the curve y2 = 4a2 (x — 3) and the lines x = 3,y = 4a.

. Draw a rough sketch and find the area of the region bounded by the two parabolas

y2 = 8x and x2 = 8y by using method of integration.

Using integration, find the area of the region = {(x, y) : x% + y2 < 16, x2 < 6y}.
(C.B.S.E. 2013)

Find the area common to the circles x2 + y2 = 4 and x2 + y2 = 4 x.

Find the area of the region bounded by the curvesy = x2 + 2,y =x, x =0 and x = 3.

(NCERT)

Find the area of the region bounded by y =x2+ 2, y=x,x=0and y = 3.

2
Sketch the graph of y = |x + 1]. Evaluate J. |x + 1]dx. What does the value of this
-4
integral represent on the graph?
Find the ratio in which the area bounded by the curves y2 = 12 x and x2 = 12y is divided
by the line x = 3.

Find the area enclosed by the curve y = x3, the x-axis and the ordinates x = -2 and
x =1 (NCERT)
Find the area bounded by the curve y = x |x], the x-axis and the ordinates x = - 1 and
x =1 (NCERT)

Hint. y=-x2ifx<0andy = x2if x > 0.

ANSWERS
EXERCISE 8.1

0 % sq. units (ii) 4 (4 — ¥2) sq. units (iii) %(4 — V2) sq. units

(i) 2(4 - /2) sq. units (ii) %az (25/3 - 1) sq. units

32 . . .
3 Sg. units 4. 96 sg. units 5. 18 sg. units
4 . 16 . 32 .
— SQ. units 7. — sQ. units 8. — sg. units
3 q 3 q 3 q
% sg. units 10. % a2 sq. units

2
) % SQ. units (i) % Sg. units 12. %sq. units
. 8 50. units

(i) 7 sq. units (if) 7 sq. units (iii) g sg. units
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. . .. 15 . .

(i) 6 sq. units (i) > sQ. units 16. m sg. units
mr? ) )
—_— 18. 27w sq. units 19. 67 sq. units

4

(i) 3msg. units (if) 6 sq. units

(i) 12w sq. units (ii) mab sg. units

2

(i) (r-2) sqg. units (i) % (- 2) sqg. units

(i) 4w sg. units (i) g sq. units
3 . . 9 .

2 (mr - 2) sg. units 25. 3 (m- 2) sg. units 26. > sg. units

9 . . 16 .

3 sg. units 28. 18 sg. units 29. 3 a sg. units

12 sq. units 31. %pz sq. units 32. (STE— 2\/§) sq. units
2n _ £ sg. units 34, ﬁ + 9 _9 sin-1 (1) sg. units

3 2 6 8 4 3
4 ) . 8 . 8 .
E(«/E + 4m) a2 sq. units 36. 2 R_E SQ. units 37. 3 sg. units
2- \/E) sq. units 39. (V2 - 1) sq. units 40. 9 sg. units
% sg. units 42. % sq. units 43. % sq. units

4 sq. units 45, % sg. units

EXERCISE 8.2

. (3 + 16 log 2) sg. units. 2. (2 log 2 — 1) sg. units.
4_\/5—5|092+§ sg. units.
log 2 2 2

CHAPTER TEST

() % sg. units (ii) % sg. units

4 .
3 Sg. units 4,

(% n—-12-25 Sin‘l(g)) sg. units

128 .
=3 S units

. 9 sg. units 8. % a sg. units

. %(ﬁ + 47) sq. units 11. (8?75—2\/5) sg. units
%3 sg. units 14. 9 sq. units

17 . 2 .
— sQ. units 17. — sq. units
1 q 3 q

4. 4 sq. units; a = 2~2.

6. %(a + b)«% Sg. units.

7 .
2. — sQ. units
3 q

6. 4 sg. units
64 .

9. — s@. units
3 q

12. % sg. units

15. 15: 49
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