APPLICATIONS OF
DERIVATIVES

INTRODUCTION

Derivatives have a wide range of applications in engineering, sciences, social sciences,
economics and in many other disciplines. In this chapter, we shall learn a few of them. We
shall see how the derivative can be used

(i) to determine the rate of change of various quantities.

(ii) to find the equation of tangent and the normal to a curve at a point.

(iii) to find the intervals in which a function is increasing or decreasing.

(iv) to find turning points on the graph of a function which in turn will help to locate points

where the function has maximum/minimum value (locally).
(v) to solve practical problems on maxima and minima.
(vi) to find approximate value of certain quantities.

6.1 DERIVATIVE AS A RATE MEASURE

The derivative of a function (or dependent variable) with regard to the independent variable
can be used as a rate-measure of the function (or dependent variable) per unit change in the
independent variable. This concept is explained as under :

Let y = f(x) be a function of x and let there be a small change 6x in the independent
variable x, then the corresponding change in the dependent variable y = dy.

Average change in y per unit change in x = g—i

For small values of dx, this average rate of change in the value of y will very closely
approximate to the instantaneously (actual) rate of change in the value of y with regard to
x. Ultimately when §x — 0, this limiting value of the average rate of change will represent
the actual rate of change of y with respect to x.

The (actual) rate of change of y per unit change in x

dy _dy
sx0 OX  dx’

Hence (physically) 3_3(/ represents the rate-measure of y with respect to x.

Thus (d_y) or f’(x,) represents the rate of change of y with respect to x at x = X,
X = Xp
Further, if two variables x and y are varying with respect to another variable t i.e. if
y = f(t) and x = g (t), then by chain rule

dy
dy _ gt dx
= = L =z,
dx dx dti

dt
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Hence, the rate of change of y with respect to x can be calculated by using rate of change
of both y and x with respect to t.

REMARKS
dy

1. If y increases as x increases, then ix is positive and if y decreases as x increases, then
X

d—i is negative (see section 6.3 of this chapter).

2. Marginal Cost (MC) is the instantaneous rate of change of total cost with respect to the
number of items produced at an instant.

3. Marginal Revenue (MR) is the instantaneous rate of change of total revenue with respect
to the number of items sold at an instant.

ILLUSTRATIVE EXAMPLES
Example 1. Find the rate of change of the area of a circle with respect to its radius r when r =3 cm.
(NCERT)
Solution. Let A be the area of a circle of radius r, then A = nr2.
The rate of change of area A with respect to its radius r

= 9A =m.2r = 2mr.
dr
Whenr:3cm,(;—'? =2n X3 =6m.

Hence, the area of the circle is changing at the rate of 6m cm2/cm.

Example 2. A balloon which always remains spherical, has a variable diameter %(Zx + 3). Determine
the rate of change of volume with respect to x. (NCERT)

Solution. Radius (say r) of the spherical balloon = % (diameter)

_ 13 _ 3
=3 §(2X+3)_Z(2X+3)'
Let V be the volume of the balloon, then
_4es A (3 o :
V= tar 3n.(4(2x+3)) - 2 n(x+ 3
The rate of change of volume w.r.t. x
_dv 9 5 27 )
= — == = +
i 1615.3(2x+3) 2 5 n(2x + 3)2

Hence, the volume is changing at the rate of %715 (2x + 3)2 unit¥/unit.

Example 3. Find the rate of change of the curved surface of a right circular cone of radius r and height
h with respect to change in radius.

Solution. Let S be the curved surface of the cone and | its slant height, then

S = =nrl, where | = r2 +h?
= S = mr «r? +h?, diff. it with respect to r, we get

ds _ d d
i n[r.a((r2+h2)yz)+m-m(r)]

. [r.%(r2 +h2)Y2 21 +r2 + h? .1]

n(2r2 +h?)
Nr24n2

r2 e Lo
. W—2+\r2+h2 =
r<+h

2 2
Hence, the curved surface is changing at the rate of m2rs+h7)

Vr2 +h?

unit?2/unit.
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Example 4. A stone is dropped into a quiet lake and waves move in circles at a speed of 3.5 cm per second.
At the instant when the radius of the circular wave is 7.5 cm, how fast is the enclosed area increasing ?

Solution. Let r be the radius of the circular wave and A be the area enclosed by it at any time
t, then,

A =rmr2 0]
. . dA dr ..

Diff. (i) w.r.t. t, we get re T.2 ra (1))

dr _ _ 7 .
But i 3.5 cm/sec = > cm/sec (given)

From (ii), we get aA - 27r. L Tmr.

dt 2

When r =75cm = %cm, %—? = 7TC><1—25 =525m.

Hence, the enclosed area is increasing at the rate of 52.5 & cm2/sec when the radius of the
wave is 7.5 cm.

Example 5. If the area of a circle increases at a uniform rate, then prove that the perimeter varies inversely
as the radius. (NCERT Examplar Problems)

Solution. Let r be the radius and A be the area enclosed by it at any time t and P be the perimeter
at that time, then

A= qr? ..(0)
Differentiating (i) w.r.t. t, we get (:j—'i‘ = an.% but CL—':‘ = constant = k (say)
o k=onr A0 o dr_ Kk ..(ii)
dt dt  2nr

P = 2rr, differentiating t, we get
P _, dr _dP_ .,k

S o = = =2 — using (ii
ot ot a2 (using (D)
dP _ k daP . : 1

= —=—= — is proportional to =.
e r dt r

Hence, the perimeter varies inversely as the radius.

Example 6. A balloon which always remains spherical is being inflated by pumping in 900 cubic
centimetres of gas per second. Find the rate at which the radius of the balloon is increasing when its

radius is 15 cm. (NCERT)
Solution. Let r be the radius of the spherical balloon and V be its volume at any time t, then
V = %an 0!

Diff. (i) w.r.t. t, we get %—Yz%n.3r2%=4nr2% (i)
But ‘L—\t’ = 900 cm3/sec (given)

.. dr dr 225
= 2 = Pl
From (ii), 900 = 4 &t r FTindrriaieer

Whenr:15cm,ﬁ= 225 _1_
dt =©x152 x

Hence, the radius of the balloon is increasing at the rate of 1 cm/sec when its radius is
T
15 cm.



386

MATHEMATICS - XII

Example 7. The length x of a rectangle is decreasing at the rate of 3 cm/minute and the width y is
increasing at the rate of 2 cm/minute. When x = 10 cm and y = 6 cm, find the rate of change of

(i) the perimeter

(ii) the area of the rectangle. (NCERT)

Solution. Since the length x of a rectangle is decreasing and the width y is increasing, we have

dx
dt

dy
dt

(i) The perimeter, say P,
P

and

dP

dt

When

X

-3 cm/min (c;—)t( is —ve, for x is decreasing)

2 cm/min (given)

of the rectangle at any time is given by
2(x +y), diff. w.r.t. t, we get

dx
21 =
(dt+
dP _

10cm,y =6 cm, pm

%’) =2(-3+ 2) cm/min = -2 cm/min.

2 cm/min.

Hence, the perimeter is decreasing at the rate of 2 cm/min when x =10 cm and y = 6 cm.
(ii) The area, say A, of the rectangle at any time is given by

A

dA
dt

When

X

xy, diff. w.r.t. t, we get

dy

X -2
dt

+y ‘;—’t‘ = (x.2 + y(~3)) cm2/min.

10 cm, y = 6 cm, %—':‘ = (10.2 + 6.(- 3)) cm2/min

2 cm2/min.

Hence, the area is increasing at the rate of 2 cm2/min when x = 10 cm and y = 6 cm.

Example 8. The two equal sides

of an isosceles triangle with fixed base b are decreasing at the rate of

3 cm/sec. How fast is the area decreasing when two equal sides are equal to the base ?

(C.B.S.E. 2006 C)

Solution. Let ABC be an isosceles triangle with sides AB = AC and base BC.
At any time, let AB = AC = a (say),

then % = -3 cm/s (given).
Base BC = b (constant).
A
From A, draw AD L BC, then D is mid-point of BC. :
From right triangle ABD, i
b’ |
AD? = AB?2-BD?=2a%- (5) |
2 _p2 i
- AD = Y4a°-b? :
2 i
Let A be the area of AABC at any time, then i
1 [
A = Z .BCxAD B« bt—>p c
<—2— b >
2 _p2 )
= Lp W0 Ly faar o2 Flg- 61
2 2 4
Diff. w.r.t. t, we get
dA 1,1 da ab da
— = Zh.Z2.(4a2-b)M2 4. 28, —=—o—"ou . —.
dt 472 ( ) dt 442 —p2 dt
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2
When a=h, 9A ___bb (-3) cm?/sec = - 3% em2/sec
dt  \4p2 —p2 V3b

— /3 b cm2/sec.

Hence, the area of an isosceles triangle is decreasing at the rate of +/3 b cm2/sec when two
equal sides are equal to the base b.

Example 9. The volume of a spherical balloon is increasing at the rate of 25 cm3/sec. Find the rate of
change of its surface area when its radius is 5 cm. (C.B.S.E. 2004)

Solution. Let r be the radius of the spherical balloon at any time t, V be its volume and S its
surface area at that instant, then

V= %nr3 () and S =4nr ...(ii)
. dav. 4 , dr _ o dr
Diff. (i) w.r.t. t, we get -3 n.3r i dmr e

But (2—\: = 25 cm3/sec (given),

25=aqe L 0B i)
dt =~ dt 4nr?
Diff. (ii) w.r.t. t, we get
Z—f=4n.2r%=8nr.% (using (iii))
dS 50
= ===
dt r
When r =5 cm, d_S:5_0 = 10.
it 5

Hence, the surface area is increasing at the rate of 10 cm2/sec when its radius is 5 cm.

Example 10. From a cylindrical drum containing petrol and kept vertical, the petrol is leaking at the rate
of 10 cm3/sec. If the radius of the drum is 25 cm and height 1 metre, find the rate at which the level
of the petrol is changing when the petrol level is 80 cm.

Solution. When the petrol from the cylindrical drum leaks, then only the height of the petrol will
change while its radius remains constant at 25 cm.

Let h be the height of the petrol in the drum at any time t and V be its volume, then
V = 1 x (25)2 x h = 625 ©th, diff. w.r.t. t, we get

dv dh
e 625 . e
Since the petrol is leaking at the rate of 10 cm3/sec, (ial_\t/ = -10 cm3/sec
((:j_\t/ is —ve, for V is decreasing)
= -10=625n an = an L, which is constant.
dt dt 125~

Hence, the level of the petrol is changing at the rate of — % cm/sec when the petrol level

is 80 cm.

Example 11. A particle moves along the curve 6y = x3 + 2. Find the points on the curve at which
y-coordinate is changing 8 times as fast as the x-coordinate.

Solution. The given curve is 6y = x3 + 2 (i)

e dy _ o0 dX "
Diff. (i) w.r.t. t, we get 6 it 3x T ...(ii)
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But b 8 (:T)t( (given),

dt
dx dx . ..
6x8 —= 3x2 using (ii
o . (using (i)
= 48=3x2 = x*=16=>x=4,-4
From (i), when x = 4, 6y = 43+ 2 = 66 = y = 11,
when x =-4,6y=(-4P +2=-62=y= - %
Hence, the required points on the curve are (4, 11), (— 4, — %)
Example 12. For the curve y = 5x — 2x3, if x increases at the rate of 2 units/sec, then how fast is the slope
of the curve changing when x = 3? (NCERT Examplar Problems)
Solution. Given curve is y = 5x — 2x3.
Slope of curve = j—i = 5 - 6x?¢, differentiating w.r.t. t, we get
i(d—y) =0-6.2x. ax but LI 2 units/sec (given)
dt\ dx dt dt
= i(d_y) = _12x.2=-24x.
dt\ dx
_ d(dy) _ .
When x =3, —|=| = -24 x 3 units/sec.
dt \ dx

Hence, the slope of the curve is decreasing at the rate of 72 units/sec when x = 3.

Example 13. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2m/sec. How fast is its height on the wall decreasing when

the foot of the ladder is 4 m away from the wall ? (C.B.S.E. 2012)
Solution. Let the foot of the ladder be at a distance x metres v
from the wall and y metres be the height of the ladder at any
time t, then ’,'\~\
I
x2+y2=25 .. (i) LN\,
. . =i N
Diff. (i) w.r.t. t, we get g iy ’))\\
dx dy _ i AN
2X E+2ya—0 i _____ X\
d X dx Ground X
= _y = —- — —, .
dt y dt Fig. 6.2.
But & =2 m/sec (given) = P = _ X 5 _ 2% (i)
dt dt y y
When x = 4m, from (i), y¥2=25-16=9 =y=3m.
. o dy 2 x 4 8
Putting x =4,y = 3 in (ii), we get — = - —/—— = - —
9 y (i), we get 3 3

Hence, the height of the ladder on the wall is decreasing at the rate of gm/sec.

Example 14. A man of height 2 metres walks at a uniform speed of 5 kilometres/hour away from a lamp
post which is 6 metres high. Find the rate at which the length of his shadow increases. (NCERT)

Solution. Let NL be the lamp post where L is the position of the lamp, then NL = 6 m.

Let MP be the position of the man at any time t and x be the distance of the man from NL
and y be the length of the shadow.
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From similar triangles SMP and SNL, we get

SM  MP y 2 1
= =

SN NL x+y:6 3

= 3Jy=Xx+y
= 2y:x:>y:%x ()
Diff. (i) w.r.t. t, we get & _1 d—x.

dt 2 dt

But % = 5 km/hr (given),
Y 1 skmshr = 2 km/hr
dt 2 2

389
L
P
] N
M
K—Y—ik—X—>
Fig. 6.3.

Hence, the length of the shadow is increasing at the rate of g km/hr.

Example 15. A man, 2 m tall, walks at the rate of 1% m/sec towards a street light which is 5% m above

the ground. At what rate is the tip of his shadow moving? At what rate is the length of his shadow

changing when he is 3% m from the base of light?

Solution. Let NL be the street light and MP be the

(NCERT Examplar Problems)

position of the man at any time t and x metres be the L
distance of the man from street light and y metres be
the length of shadow, then NL = 5% m = % m,
P
MP =2 m.
From similar triangles AMP and ANL,
AM _ MP _y _ 2 C O
AN NL ~x+y 16 eyt x
3
Fig. 6.4.
y _ 3 —
= = - =8y=3x+3
X+Yy 8 4 y
3 .
= = —X g
y = 3 0]
Differentiating (i), w.r.t. t, we get
(L E.d—x but LIS 1g m/sec = > m/sec.
dt 5 dt dt 3 3
= Yoo (Exé) m/sec = 1 m/sec.
dt 5 3

The tip of the shadow is at a distance (x + y) m from street light.

i(x +y) = d—x+d—y:(§+1) m/sec = 8 m/sec = 22 m/sec.
dt dt dt 3 3 3

Hence, the rate at which the length of his shadow is changing = 2% m/sec.

Here, we note that % = 1 m/sec, which is constant and remains same at all values of x.

Further, as the length of shadow is decreasing, therefore, the rate at which the length of
shadow is changing = —1 m/sec.
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Example 16. A kite is moving horizontally at a height of 151.5 metres. If the speed of the kite is
10 m/sec, how fast is the string being let out; when the Kite is 250 m away from the boy who is flying
the kite? The height of the boy is 1.5 m. (NCERT Examplar Problems)

Solution. Let AB be the boy and P be the position of the
kite at any time t. Let BM = x metres and | be the
length of the string at that time, then

MP = 1515 m, AB=15m
= NP =MP - MN = MP - AB = (151.5-15 m
=150 m.
From figure, 12 = x2 + 1502,

Differentiating w.r.t. t, we get

2l . da_ 2x0|—X but (LL I 10 m/sec  (given)
dt dt dt

da_ (5 X 10) m/sec
dt |

Now, when | = 250 m, 2502 = x? + 1502 = x? = 40000 = x = 200 m

When | = 250 m, da_ (@xlo) m/sec = 8 m/sec.
dt 250

Hence, the string is being let out at the 8 m/sec when the Kite is 250 m away from the boy.

Example 17. A man is moving away from a tower 49.6 m high at the rate of 2 m/sec. Find the rate at
which the angle of elevation of the top of the tower is changing, when he is at a distance of 36 m from
the foot of the tower. Assume that the eye level of the man is 1.6 m from the ground.

Solution. Let AB be the tower of height 49.6 m. Let MP

i . B
be the position of the man at any time t and x metres A A
be its distance from the tower and 6 (radians) be the .
angle of elevation, then // |
/ €
/
tan g = B = 48 / =
PC X J/ <
(~-CB=AB-AC=AB-MP =(49.6-16)m=48m /{9 I
and PC = MA = x metres) Pl <,
. M<————- X ——-——A
= X =48cot 6 ()
. . Fig. 6.6.
Diff. (i) w.r.t. t, we get 9
9% _ 48 (~cosec? 0) . 9o
dt dt
dx _ .
But i 2 m/sec (given)
2 = —48 cosec? 0 a6 ®___ 1 ... (i)
dt dt 24 cosec? @
When x = 36, from (i) cot 6 = 3—2 = %
= cosec?@=1+co@=1+ > =2
16 16
... do 1 2
From (ii), — = - — = - —.
M. & 4 2 75

16

Hence, the angle of elevation of the top of the tower is decreasing at the rate of 7—25 radians/sec.
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Example 18. Two men A and B start with velocities v at the same time from the junction of two roads
inclined at 45° to each other. If they travel by different roads, find the rate at which they are being
separated. (NCERT Examplar Problems)

Solution. Let O be the junction of two roads and P, Q be
the positions of two men A, B at any time t.

As they travel with velocity v, OP = vt, OQ = vt.

Let x be the distance between two men at that time, s
from AOPQ by cosine formula, we have

o — (Vt)2 + (Vt)2 - X2 45°
cos4he = 24 7 %
2.vt.vt O vt P
= % L 2(vt)? = 2(vt)? — x? Fig. 6.7.

=  x2=(2- 22

= X = 42-+2 vt
Differentiating w.r.t. t, we get

X _ -2 v 1

dt

Hence, the two men are being separated at the rate 2 —+/2 v.

Example 19. A water tank has the shape of an inverted right circular cone with its axis vertical and vertex
lowermost. Its semi-vertical angle is tan-1(0.5). Water is poured into it at a constant rate of 5 cubic
metre per minute. Find the rate at which the level of the water is rising at the instant when the depth of
water in the tank is 10 m. (C.B.S.E. Sample Paper)

Solution. At any time t, water forms a right circular cone of semi-vertical angle tan-(0.5). Let
r metres be the radius of this cone and h metres be its height.

Let o be the semi-vertical angle of the cone, then o = tan1(0.5)

= tan(x:O.SZ%.

From fig. 6.8, tan o =

> =
N |-
o=

= r=

N

The volume of the cone at any time,

2
V= ln.(ﬂ) h= pe,
372 12

Diff. w.r.t. t, we get V_ T g dn_mppdn
d 12 dad 4 dt

But v 5 m3/m,
dt

S:Ehzﬁﬁﬁzﬂ'

4 dt dt nth?
Whenhlem,@:L:—.
dt  n x 10> 5m

Hence, the water level is rising at the rate of Sim/min.
T
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Example 20. Water is dripping out from a conical funnel of semi-vertical angle % at the uniform rate of
2 cm?/sec in the surface area, through a tiny hole at the vertex of the bottom. When the slant height of
the cone is 4 cm, find the rate of decrease of the slant height of water. (NCERT Examplar Problems)

Solution. At any time t, water forms a right circular

T

cone of semi-vertical angle T

Let | cm be the slant height and r cm be the radius
of the water cone at that instant, then

r= Isinf—li—L
4 N2 N2
Let S be the (curved) surface area of the water cone, then
| i
S=mrl=n.—.1=—12
N2 42
Differentiating w.r.t. t, we get Fig. 6.9.
s_r oy d
dt 2 77 Tdt’
As the water is leaking from the funnel at the rate of 2 cm2/sec in the surface area,
L -2 cm2/sec (i—f is —ve, because S is decreasing)
n d_d_ 2
= -2=F=2l.— = —=——.
V2 dt dt ml
When | = 4 cm, 3 = _ 2 cm/sec
dt x4
. . : V2
Hence, the slant height of the cone is decreasing at the rate of o cm/sec.
|

Example 21. Water is leaking from a conical funnel at the rate of 5 cm3/sec. If the radius of the base of
the funnel is 10 cm and its height is 20 cm, find the rate at which the water level is dropping when
it is 5 cm from the top.

Solution. At any time t, water forms a cone. Let r cm be the radius of this cone and h cm be its
height, then

volume of water in the funnel = V = % wreh. C<I0cm=>~ \

Since As DVB and CVA are similar,
bv_bB _ h_r _ , _h
CV CA 20 10 2
Volume of water at any time = V

1 h2 _ T3

. av. =« ,dh m ,dh
Dlﬁ.w.r.t.t,wegetﬁ_lz.Bh dt_4h TR

Since water is leaking from the conical funnel at the rate of 5 cm3/sec,

dv _ dav . . .
i -5 (E is —ve because V is decreasmg)
= -5 = E h2 ﬁ = dh = — ﬂ

4 dt dt  mh?2’
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When the water level is 5 cm from top, h = 20 - 5 = 15 cm, then

dh __ 20 -_ 4 cm/sec
dt T % (15)2 451 '

Hence, the rate at which the water level is dropping = % cm/sec.

Example 22. The money to be spent for the welfare of the employees of a firm is proportional to the rate of
change of its total revenue (marginal revenue). If the total revenue (in rupees) received from the sale of
X units of a product is given by R (x) = 3x2 + 36x + 5.

Find the marginal revenue when x = 5, and write which value does the question indicate.
(C.B.S.E. 2013)
Solution. Total revenue = R (x) = 3x2 + 36x + 5.

Differentiating w.r.t. X, we get
Marginal revenue = C:jl—X(R (x)) = 6x + 36.
When x = 5, marginal revenue = (6 x 5 + 36) = ¥ 66.
The value indicated in the question is the welfare of employees.
Example 23. The amount of pollution content added in air in a city due to x-diesel vehicles is given by

P (x) = 0.005 x3 + 0.02 x2 + 30x.

Find the marginal increase in pollution content when 3 diesel vehicles are added and write which value
is indicated in the above question. (C.B.S.E. 2013)

Solution. Pollution content in air due to x-diesel vehicles is given by
P (x) = 0.005 x3 + 0.02 x2 + 30x.

Marginal increase = %(P (X)) = 0.005 x 3x2 + 0.02 x 2x + 30.

When x = 3, marginal increase = 0.005 x 3 x 32 + 0.02 x 2 x 3 + 30
= 0.135 + 0.12 + 30 = 30.255
The value indicated in the question is the increase in pollution content in air in the city.

EXERCISE 6.1

Very short answer type questions (1 to 11) :
1. Find the rate of change of the area of a circle with respect to its radius when the radius

is 6 cm. (NCERT)
2. If the radius of a circle is increasing at the rate of 0.7 cm/sec, at what rate is its
circumference increasing? (NCERT)
3. If the radius of a circle is increasing at the rate of 3 cm/sec, at what rate is its area
increasing when its radius is 10 cm? (NCERT)

4. If the sides of a square are decreasing at the rate of 1.5 cm/sec, at what rate is its
perimeter decreasing?

5. If the sides of an equilateral triangle are increasing at the rate of 2 cm/sec, at what rate
is its area increasing when its side is 10 cm?

6. If an edge of a variable cube is increasing at the rate of 0.5 cm/sec, at what rate is its
surface area increasing when its edge is 12 cm?

7. If an edge of a variable cube is increasing at the rate of 3 cm/sec, at what rate is its

volume increasing when its edge is 10 cm? (NCERT)
8. A balloon which always remains spherical has a variable radius. Find the rate at which
its volume is increasing with respect to radius when the radius is 10 cm. (NCERT)

9. If the radius of a soap bubble is increasing at the rate of % cm/sec, at what rate is its
volume increasing when the radius is 1 cm? (NCERT)
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. A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic metre
per hour. Find the rate at which the depth of the wheat is increasing, take n= = 3.14.
(NCERT)
The total revenue in rupees received from the sale of x units of a product is given by
R(x) = 3x2 + 36x + 5.
Find the marginal revenue when x = 5. (NCERT)

Find the rate of change of area of a circle of radius r with regard to its radius. How fast
is the area changing with respect to the radius when the radius is 5 cm? (NCERT)

Find the rate of change of the surface area of a sphere of radius r with respect to change
in the radius when radius is 2 m.

Find the rate of change of the whole surface of a closed circular cylinder of radius r and
height h with respect to change in radius.

A swimming pool is to be drained for cleaning. If L represents the number of litres of
water in the pool t seconds after the pool has been plugged off to drain and
L = 200(10 - t)2
How fast is the water running out at the end of 5 seconds? What is the average rate at
which the water flows out during first 5 seconds? (NCERT Examplar Problems)
(i) A stone is dropped into a quiet lake and waves move in circles at the speed of
5 cm/sec. At the instant when the radius of the circular wave is 8 cm, how fast is
the enclosed area increasing? (NCERT)

(if) A stone is dropped into a quiet lake and waves move in circles at a speed of
4 cm/sec. At the instant when the radius of the circular wave is 10 cm, how fast is
the enclosed area increasing? (NCERT)

The area of a circle of radius r increases at the rate of 5 cm2/sec ; find the rate at which
the radius increases. Also find the value of this rate when the circumference is 10 cm.

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is
increasing at the rate of 4 cm/minute. When x =8 cm and y = 6 cm, find the rate of change of

(i) the perimeter (i) the area of the rectangle. (C.B.S.E. 2009)
(i) The volume of a cube is increasing at the rate of 9 cubic centimetres per second. How
fast is the surface area increasing when the length of the edge is 10 centimetres?
(NCERT)
(if) The volume of a cube is increasing at a constant rate. Prove that the increase in its
surface area varies inversely as the length of an edge of the cube.
(NCERT Examplar Problems)

The volume of a spherical balloon is increasing at the rate of 20 cm3/sec. Find the rate
of change of its surface area when its radius is 8 cm.

The surface of a spherical balloon is increasing at the rate of 2 cm2/sec. Find the rate of
change of its volume when its radius is 6 cm. (C.B.S.E. 2005)

A spherical ball of salt is dissolving in water in such a manner that the rate of decrease
of the volume at any instant is proportional to the surface. Prove that the radius is

decreasing at a constant rate. (NCERT Examplar Problems)
(i) Find the point on the curve y2 = 8x for which the abscissa and ordinate change at the
same rate. (C.B.S.E. 2002 C)

(ii) A particle moves along the curvey = §x3 + 1. Find the points on the curve at which
the y-coordinate is changing twice as fast as the x-coordinate. (C.B.S.E. 2003 C)

Find an angle 6, 0 < 6 < g which increases twice as fast as its sine.

(NCERT Examplar Problems)
The top of a ladder 6 metres long is resting against a vertical wall. Suddenly, the ladder
begins to slide outwards. At the instant when the foot of the ladder is 4 metres from the
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26.

27.

28.

29.

30.

31.

32.

wall, it is sliding away at the rate of 0.5 m/sec. How fast is the top sliding downwards

at this moment? How far is the foot from the wall when the foot and the top are moving

at the same rate?

A girl of height 1.6 m walks at the rate of 50 metres per minute away from a lamp which

is 4 m above the ground. How fast is the girl’s shadow lengthening?

A kite is 120 m high and 130 m of string is out. If the Kite is moving horizontally at the

rate of 5.2 m/sec, find the rate at which the string is being paid out at that instant.

A circular cone, with semi-vertical angle 45°, is fixed with its axis vertical and its vertex

downwards. Water is poured into the cone at the rate of 2 cm? per second. Find the rate

at which the depth of the water is increasing when the depth is 4 cm.

Hint. Since semi-vertical angle is 45°, r = h, therefore, V (volume of water at any time)
1

=3 nrZh = % nt h3, where h is height of water at any time t.

Sand is pouring from a pipe at the rate of 12 cm3/sec. The falling sand forms a cone on
the ground in such a way that the height of the cone is always one-sixth of the radius
of the base. How fast is the height of the sand cone increasing when the height is 4 cm?

(C.B.S.E. 2011)
A conical vessel whose height is 4 metres and of base radius 2 metres is being filled with
water at the rate of 0.75 cubic metres per minute. Find the rate at which the level of the
water is rising when the depth of water is 1.5 metres.

Water is dripping out at a steady rate of 1 cu cm/sec through a tiny hole at the vertex
of the conical vessel, whose axis is vertical. When the slant height of water in the vessel
is 4 cm, find the rate of decrease of slant height, where the semi-vertical angle of the cone

is %. (NCERT Examplar Problems)

Hint. Let | be the slant height of the water cone at any time t seconds and V be the
volume of the water at that instant, then
2
vzl (Isinf) NoosT=Lps L Y8 _N8mpg
- 37T 6 6 3 ‘42 24
Find da when v —-land| =4
dt dt
p (x) = 0.03x3 + 0.2 x2 + 15 x + 100 represents the air pollution in an industrial area due
to smoke produced by x chimneys. Find the marginal value of air pollution when
3 chimney are increased. Which value does this question indicate? (C.B.S.E. 2013)

6.2 TANGENTS AND NORMALS

Recall, in class XI we learned that j—i (if it exists)

geometrically represents the slope of the tangent to
the curve y = f(x) at any point P(x, y). Thus, if

] (;t %) is the angle which the tangent to the

curve at P makes with the positive direction of

x-axis, then the slope of the tangent to the curve X o
) dy A
y = f(x) at the point P = tan y = (&) . Fig. 6.11.
P

If the tangent to the curve y = f(x) at the point P(x, y) is parallel to x-axis, then y = 0

dy

Stany=0= (—) = 0; and if the tangent to the curve y = f (x) at the point P(x, y) is parallel
P

dx

to y-axis, then y = g =S coty=0= (d—xj =0.
P

dy
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ANSWERS
EXERCISE 6.1

MATHEMATICS - XII

. 127w cm2/cm

2. 1.4m cm/sec

6. 72 cm?2/sec
10. 1 m/h

16 © m2/m
2000 litres/sec, 3000 litres/sec

S cm/sec; 0.5 cm/sec
2mr

(i) 3.6 cm2/sec 20. 5 cm?/sec

(i) (2, 4) (i) (1' Z) (‘ L %)

33% m/minute 27. 2 m/sec
4 m/min 31. 1 cm/sec
3n 2«/57:

18. (i) -2 cm/minute

3. 601 cm2/sec 4. 6 cm/sec

7. 900 cm3/sec 8.
11. % 66 12.

400 cm3/cm

2nr; 10w cm2/cm

14. 27 (2r + h) unit?2/unit

16. (i) 80 © cm2/sec (i) 80 © cm2/sec
(ii) 2 cm2/minute

21. 6 cm3/sec

17.01; value indicated is pollution in air due to smoke.

EXERCISE 6.2

() 11 (ii) 764
(v) 24 (vi) -8
0 ¢ (i) - <

11

L@ -7) 6. (E’Z)
. .. a

()1 (i) - %

©, 0) 14. (3, 1)

(i) (3,-20), (-1,12) (i) (1, 2), (1,-2)
(iv) (@) (0, 4), (0, -4) (b) 3,0),(-30)
8 128 8 128
(5, 7) (— 3" 7)18. 2, 3), (-2, -3)
(i) 3x-y-2=0;x+3y-4=0
(iii) 10x +y -5=10; x - 10y + 50 = 0

VMy-1=02x-n=0

10x-y-8=0;x+10y-223=0
2x +3my—-am2(2+3m? =0
(i) 2(x +y) = a?
()y=0 (i)3y=2+2x-2

The given curve has no tangents having slope 2

Hy-2x+2=0,y-2x+10=0
(2,7),(,6);y-7=0,y-6=0
i)2x-y+3=0
3x-y-2=0and 3x-y+2=0
0, 0), (1, 2), (-1, -2)

b1 1
24, — 25. —— m/sec; 3\/5 m
3 J5
1 1
28. —cm/sec 29. —— cm/sec
8w 487
. 2
i) 5 v) - —
(iii) (iv) E
1 1
3. (1,2 4, | =,—=
1 2) (3-3)
7.a=-4,b=-3 8.—i
64
10. -4, 5, 20 12.a=-2,b=-5
1 17
15. | =, - =—

(ifi) (3) (0. 5), (0, -5) (b) (2,0), (-2, 0)

19. (0, 0), (2, 0).
(i) 2x-y+1=0;x+2y-7=0
(ivyy=0;x=0

2
> 2:1;—+b—y:a2+b2
a b Xq Yo

22. ty = x + at?; y + tx = 2at + at3

(i) x+y-2=0;x-y=0

(i) 2y -1=0

(i) 12x + 36y — 227 = 0
3l. x+3y+8=0and x+3y-8=0
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